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Abstract

In Dynamic flow networks an edge’s capacity is the amount of flow (items) that can
enter it in unit time. All flow must be moved to sinks and congestion occurs if flow has
to wait at a vertex for other flow to leave. In the uniform capacity variant all edges have
the same capacity. The minmax k-sink location problem is to place k sinks minimizing
the maximum time before all items initially on vertices can be evacuated to a sink.
The minmax regret version introduces uncertainty into the input; the amount at each
source is now only specified to within a range. The problem is to find a universal
solution (placement of k sinks) whose regret (difference from optimal for a given
input) is minimized over all inputs consistent with the given range restrictions. The
previous best algorithms for the minmax regret version of the k-sink location problem
on a path with uniform capacities ran in O (n) time for k = 1, O(nlog* n) time for
k = 2 and 2(n*t1) for k > 2. A major bottleneck to improving those solutions
was that minmax regret seemed an inherently global property. This paper derives new
combinatorial insights that allow decomposition into local problems. This permits
designing two new algorithms. The first runs in O (n> logn) time independent of k
and the second in O (nk®log"*! n) time. These improve all previous algorithms for
k > 1 and, for k > 2, are the first polynomial time algorithms known.
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1 Introduction

Dynamic flow networks model movement of items on a graph. The process starts
with each vertex v assigned some initial set of supplies w,. Supplies flow between
neighboring vertices. Each edge e has a given capacity c, which limits the rate of
the flow of supplies entering that edge in unit time. If there is some ¢ > 0 such that
Ve, c. = c, the network has uniform capacity. Each e also has associated with it a
time required to traverse e. Note that as supplies move around the graph, congestion
can occur, as supplies back up at a vertex.

Dynamic flow networks were introduced by Ford and Fulkerson in [18] and have
since been extensively researched. One well studied problem on such networks is
transshipment, e.g., [23], in which the graph has several sources and sinks, with sup-
plies on the sources and each sink having a specified demand. The problem is to find
the quickest time required to satisfy all of the demands. Hoppe and Tardos [23] provide
a polynomial time algorithm for this problem.

Dynamic Flow also models evacuation problems [21]. Vertices model buildings
and the items on vertices represent evacuees in buildings. Since our work also fits this
evacuation analogy, we will refer to items on vertices as evacuees. and edges are roads
connecting buildings. The sinks play the role of exits to safety from the roads. The
problem is to find a routing strategy (evacuation plan) that evacuates everyone to the
sinks in minimum time. In these problems the evacuation plan is vertex based. That
is, all supplies from a vertex evacuate out through a single edge given by the plan
(corresponding to a sign at that vertex stating “this way out”). Such a flow, in which
all flow through a vertex leaves through the same edge, is known as confluent. The
basic minmax optimization problem is to determine a plan that minimizes the total
time needed to evacuate all the evacuees. Confluent flows are known to be difficult
on general graphs; solving, or even approximating to a constant factor, the quickest
confluent flow problem with even one sink is NP-Hard [19,24]. Research on finding
exact quickest confluent dynamic flows is therefore restricted to special graphs, such
as trees and paths.

In some versions of the problem the sinks are known in advance. In others, such as
the one addressed in this paper, locating the sinks that minimize the evacuation time
is part of the problem; only the number k of allowed sinks is given as input. Mamada
[28] gives an O (nlog®n) algorithm for solving the 1-sink problem on a dynamic
tree network. Higashikawa et al. [21] improve this down to to O (n log n) for uniform
capacities. For k sinks this can be solved in O (nk? log® n) time for general capacities
and O(nk2 log4 n) for uniform capacities [15]. Higashikawa et al. [22] show how
to solve the k-sink problem on a uniform capacity dynamic path network in O (kn)
time which was later reduced down to O (min (nlogn, n + k?log? n)) by [7]. We note
that all the results above refer to the minmax problem of minimizing the maximum
evacuation time. There is also a corresponding minsum problem of minimizing the total
sum of all of the evacuation times of all of the flow. This can be solved on a dynamic
path network [5] in time O (kn?log? n) for general capacities and O (knlog> n) for
uniform capacities.

In practice, the exact number of evacuees located at a vertex is unknown at the
time the plan is drawn up and robust optimization is needed. One approach to robust

@ Springer



3536 Algorithmica (2019) 81:3534-3585

optimization is probabilistic, with the number of evacuees at a vertex being drawn
from known distributions. In another, the one used in this paper, all that is known
is the (interval) range in which that number may fall. One way to deal with this
type of uncertainty is to find a plan that minimizes the regret, e.g. the maximum
discrepancy between the evacuation time for the given plan on a fixed input and the
plan that would give the minimum evacuation time for that particular input. This is
known as the minmax regret problem. Minmax regret optimization has been extensively
studied for k-median [10,13,38] and k-center [3,11,32,38] ([12] is a recent example)
along with many other optimization problems [17,33,37]. Aissi et al. [1], Averbakh
and Lebedev [4], Candia-Véjar et al. [14] and Kouvelis and Gang [25] provide an
introduction to the literature. Since most of these problems are NP-Hard to solve
exactly on general graphs, the vast majority of the literature is again concerned with
algorithms on special graphs, in particular paths and trees.

Recently there has been a series of new results for k-sink evacuation on special
structure dynamic graphs. The 1-sink minmax regret problem on a uniform capacity
path was originally proposed by [16] who gave an O (1 log? n) algorithm. This was
reduced down to O (nlogn) by [20,34,35] and then to O(n) by [9]. Xu and Li solve
the 1-sink minmax regret problem on a uniform capacity cycle in O (n>logn) time
[36]. Higashikawa et al. [21] provides an O (n log2 n) algorithm for the 1-sink minmax
regret problem on a uniform capacity tree; this was reduced to O (n logn) by [9].

Returning to the minmax regret problem uniform capacity path case; for k = 2,
[27] gave an O (1> log n) algorithm, later reduced to O (n log* n) by [9].

For k > 2 the only previous algorithm known was O (n'™* (logn)!1°¢¥) [30]. The
exponential growth with & for that algorithm was an inherent property of the structural
technique used.

We also note two other related sink regret problems. The first is the regret version
of the k = 1 minsum problem on a path with uniform capacities. This was originally
solved in O (n?) time by [5] and then reduced down to 0 (n? log2 n) time by [8]. The
second is the original minmax regret problem with k = 1 sink on a general graph with
uniform capacities and confluent flows but with the problem restricted so that every
vertex evacuates all of its flow along the shortest path to the sink. This can be solved
[26] in O (m>n?) time where m is the number of edges in the graph.

Organization This paper develops new structural properties of the minmax regret
solution for paths, leading to better algorithms. Section 3 proves that, independent of
k, there are only O (n”) worst case scenarios that need to checked. This independence
permits overcoming the exponential dependence upon k in [30]. Section 4 develops
properties of worst-case solutions that could lead to efficient algorithms. Section 5
develops further such properties. Section 6 develops two such algorithms, both of
which improve on the previous ones in all k > 1 cases. The first, better for small
k, runs in O(nk2 (log n)k+1), which will be the best algorithm for any fixed &k > 1.
In particular for k = 2, it runs in O(nlog> n) time improving upon the O (nlog* n)
algorithm of [9]. The second, which is better for large k (where k is dependent upon
n) runs in O (n> logn) time with no dependence upon k. Section 7 discusses possible
extensions. We emphasize that this paper assumes that all edges have the same capacity.
This follows all prior work in this area e.g., on the path [9,16,20,34,35], trees [9,21] and
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the cycle [36], which make the same uniform capacity assumption. Section 7 briefly
discusses the structural reason why this and all previous work have not attempted to
address the case in which different edges can have different capacities.

Finally, we note that our algorithms use as a subroutines procedures for efficiently
calculating evacuation times. These procedures are straightforward modifications of
well-developed techniques from [7,9,16] and contain very few new ideas. To keep this
paper self contained, their proofs are provided in the “Appendix” in Sect. 8.

2 Preliminary Definitions
2.1 Model Definition

Let P = (V, E) be a path of (n 4 1) vertices V = {xo, x1, ..., x,} along a line:
X0 < X1 < ... < xp. E ={ey,en,...,e,} with ¢, = (x;_1, x;) are the n edges
connecting the x;. For intuition we will sometimes refer to the vertices as buildings
and the edges as roads connecting the buildings. Flow will correspond to evacuees.

We use d(x;, x;) = |x; — x| to denote the distance between x; and x; and 7 to
denote its pace or inverse-speed. Thus, travelling from x; to x; requires td(x;, X ;)
time. All edges have fixed capacity ¢ > 0; this is the number of items that can enter
an edge in unit time. Intuitively, this can be visualized as the road’s width (number of
lanes), i.e., the number of items that can travel in parallel along the road.

Each vertex x; also has a fixed but unknown weight w; > 0 denoting the number of
people (evacuees) initially located at x;. The input is a range [w; ", wlf"] within which
w; must lie.

Let S denote the Cartesian product of all weight intervals for 0 < i < n:

S:= l_[ [wi_,w;r].

0<i<n

A scenario s € S is an assignment of weights to all vertices. The weight of a vertex
x; under scenario s is denoted by w; (s). S is the set of all scenarios consistent with
the input restrictions.

Our arguments will often use “arg max”. In the case of fies, “arg max” returns the
smallest index that achieves the maximum, i.e.,

argmax f (i) := min{j el : () :maxf(i)} .
i€l ieZ
2.2 Evacuation Time

Let P = (V, E) be a path with uniform edge capacity c, pace t and specified scenario
se€S.
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2.2.1 Left and Right Evacuation

Consider W units of flow starting at vertex x; moving right. They require W /c +
T(xj+1 — x;) time until the last flow arrives at x;11; W /c time before the last flow
leaves x; and 7 (x;4+1 — x;) further time until it arrives at x; 4. If this flow is continuing
on to x; 12, it might or might not have to wait at x; 1| before entering edge [x;+1, Xi+2],
depending upon whether other evacuees remain present on x;4 at the time the first
flow from x; arrives there. It is these congestion effects that complicate the analysis.

Consider a single sink x € P (x is not restricted to be a vertex in V).

See Fig. 1. Define @ (P, x, s) (resp. Or(P, x, s)) to be the time taken to evacuate
everything to the left (right) of sink x to x under scenario s. The left (right) evacuation
times have been derived by many authors, e.g., [9] to be

We.i
Op(P,x,s) = max {(X—xi)f+—’} (1)
c

xi<x:Wg5,;>0

w$§
Or(P,x,s) =  max {()Ci —x)t + J} @)
C

xi>x: WP >0

where fora < b, Wa"’b = le’-=a w;(s).

Note Intuitively, @, (P, x, s) is the time at which the last evacuee from x( arrives
at x. Let x; < x be any vertex. The time required for the first evacuee leaving x; to
travel to x, without congestion, is 71(i) = 7(x — x;). The minimum time required
for all evacuees in [xg, x;] to pass through x; is T5(i) = %Wé,i' Thus Op (P, x,s) <
T1(i) + T>(i). This is valid for every i so the right side of Eq. 1 is a lower bound for
Or (P, x, s). One can show that if x;« is the rightmost vertex at which the first evacuee
from xg experiences congestion by having to wait, then @ (P, x, s) = T1(i*)+T>(i™*),
proving (1). The derivation of ®r (P, x, s) is similar.

As stated, our setup assumes that sinks may be placed anywhere on the path and
not just on a vertex. We note that our results will continue to hold even if sinks are
restricted to be on vertices, i.e., our algorithms will still find the minmax regret k-sink
location problem in the same amount of time under those new placement restrictions.
Section 7 briefly discusses why this is true.

Wy Wy W2 W Wy W1 Wp—1 Wy
. . . o. . . . ._>.<_. . . . . .
Ty T1 ) Z; T, T Thy1 Tp—1 Tp

Fig.1 Illustration of left and right evacuation. Scenario s assigns w; = w; (s) initial units of flow to vertex
Xj. All verices are evacuated to a sink at x. The time ®p (P, x, s) to evacuate everything to the left of x to
x and the time @ g (P, x, s) to evacuate everything to the right of x to x are given by Egs. 1 and 2. Total
evacuation time is the maximum of the two
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2.2.2 1-Sink Evacuation

The evacuation time to sink x is the maximum of the left and right evacuation times:
(Fig. 1)

O (P, x,s):= max{@L(P,x,s), @R(P,x,s)}. 3)

2.2.3 k-Sink Evacuation

Definition 1 (Fig. 2) A separation of path P into k subpaths is denoted by P =
{Py, Pz,.. P}, P; = [x;,x,] where [} = 0, rx = n and [;41 = r; + 1. Each
P; € P will be called a partition. Y = {y1, y2, ..., yx} denotes a set of sinks such
that y; € P;. Given P and sinks Y, vertices in partition P; are restricted to evacuate
only to sink y;

Every vertex belongs to only one subpath. This implies that all evacuees passing
through the same vertex must evacuate to the same sink, i.e., a confluent routing. The
pair {P, ¥} defines an evacuation protocol for the path P.

The k-sink evacuation time with evacuation protocol {f’, Y } under scenario s is
the maximum of the evacuation times within the individual partitions, i.e.,

ok, {P Y} s) = max e! (P, yi, s) 4)

Definition 2 Given 13, 1?, set

d.= argmax@l(Pi,yi,s).

1<i<k

The partition P; with maximum evacuation cost (breaking ties to the leftmost) is called
the “dominant partition for { P, Y} under scenario s”. We use ygq to denote “the sink
associated with the dominant partition Py”.

2.3 The Optimal k-Sink Location Problem

The Optimal k-Sink Location Problem is to find the minimum evacuation cost using
k sinks, i.e,

Pl PQ Pk
— > -« - Y
o—o—| o—| e—o
To Y1 I Y2 I e e Yk Iy

Fig.2 k-sink evacuation on Path P with partitions and sinks {13, )4 }
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Ok,(P. s):= min OF (P, (P, 71, s) ,
P,

~b

and an evacuation protocol {13*, f’*} that achieves this minimum, i.e.,

o (P, (P*, 77, s) — 0L, (P,s).

2.4 Regret

For ﬁxedA {f’, )% } and s € S, the regret is defined as the difference between
G)k(P, {P, Y}, s) and the optimal k-sink evacuation time for s, i.e.,

R((P.7).5) =0k (P, (P, 7). 5) = Oly(P.5) )

The following self-evident property will be needed later:

Property 1 If P, is the dominant partition for {f’, f’} under scenario s, then
R(1P.7).5) = ©'(Pa. ya. ) = Oliy(P.5) 2 0.

Definition 3 The maximum regret (called max-regret) achieved (over all scenarios)
for a choice of {P, Y} is:

Runa ({13, f/}) = ma {R ({13, ), s)} (6)

If Rmax({f’, I?}A) = R({ﬁ, f’}, s*) for some scenario s* € S, then s* is a worst-case
scenario for {P, Y}.

Definition 4 The k-sink minmax regret value for P is

RE (P):= min Rupax ({13, ?}).

max A A

2.5 The Minmax Regret k-Sink Location Problem

The input for the minmax regret k-Sink Location Problem is a dynamic path network
with path P, vertex weight intervals [w; , w;"], edge capacity ¢, and pace t. The
problem can be viewed as a 2-person Stackelberg game [31, 97-98] between the
algorithm A and adversary B:

1. Algorithm A (leader): creates an evacuation protocol {f’, Y } as defined in
Sect. 2.2.3.

2. Adversary B (follower): chooses a regret-maximizing worst-case scenario s* € S
for (P, Y}ie., R((P, Y}, 5% = Ruax({P, V).
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Scenario outside of P, Left-Dominant Scenario for Py
7777777777 +++---—--—————--
N - 1
By
T Py 1 \
(@) (b) w ',

+

Fig.3 Illustrations of Lemma 1 and Definition 5. “+”s denote that w; (s) = w;". “—"'s denote that w; (s) =

w;

A’sobjectiveisto find lenax (P) and an evacuation protocol {13* , I?*} that minimizes
this max-regret, i.e.,

Rb(P) = Ruax ({P*. ¥¥)).

3 Worst Case Scenarios and Their Properties

A priori, every {(P,Y) might have a different associated worst case scenario. This
section describes an O (n2) size set of scenarios S* that contains a worst case scenario
for every evacuation protocol. That is, for every {13, I?}, some s* € S* is a worst-case
scenario for {ﬁ, I?}.

For k = 1, all the previous work on minmax regret on paths' used the existence of
an O(n) size set that contains a worst-case scenario for each protocol. The intuitive
reason why the algorithm in [30] blew up exponentially in k was that it needed to check
an exponentially growing (in k) set of worst case scenarios. The main observation of
this paper, the one leading to improved algorithms, is that only a set of size O (n?),
independent of k, is needed.

To derive S&*, start by assuming that A has chosen {f’, f’} and B has countered
by choosing some worst-case scenario s* € S for that {P,Y}. Let Py € P be the
dominant partition for {P, Y} under s*.

Lemma 1 describes how to modify s* outside P,;; Theorem 1 describes how to
modify s* within P;. Both types of modifications will maintain s* as being worst case
for {f’, Y } and Py as its dominant partition.

Lemma 1 See Fig. 3a. Let s* € S be a worst-case scenario for {f’, I?} with Py its
associated dominant partition. Define s}, by

Loy JwiGs™) if xi € Py,
wilsp) = {wi_ if xi ¢ Py.

Then s3, is also a worst-case scenario for { P, Y} with dominant partition P.

Proof The evacuation time in Py is the same for s} as for s* because w; (s*) = w; (sj)
within P,;. The evacuation time in the other partitions might be less in s% than s* since

1 On trees, a corresponding result for k = 1 [9,21] shows the existence of a set of O(nz) worst-case
scenarios with nothing known when k& > 1.
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some of the values might be decreased but that can only reduce the evacuation times
in other partitions. Thus

ok (P, (P, f/},s;) = O (Py, ya. s%) = O'(Py, ya. s%) = OK(P, (P, 7). 5%) (T)
where yj, is the sink associated with Py.

Furthermore, reducing the value of some w; (s*) can not increase the optimal evac-
uation time so,

OL (P s}) < O (P.s%). ®)
Thus
RU{P, Y}, sp) = OX(P (P, Y}, 55) — Oy (P, 55)
> 0% (P {P, Y}, 5%) — Of, (P, s
=R ({13, ?},s*) .
Thus s% is also a worst-case scenario with dominant partition Py. O

Lemma 1 permits assuming that all vertices outside Py have weights w;”. We now
examine the scenario inside Py.

Definition 5 See Fig. 3b. Consider Partition P’ = [x;, x,-]. and let s € S be any fixed
scenario.
A scenario s € S is called left/right-dominant for P’ if, w;(s) = w; for j <[ and
Jj > r and there exists some i satisfying / <i < r such that '
— Left-dominant: w;(s) = w;“ forl < j <iandwj(s) = w; fori <j<r.

— Right-dominant: w;(s) = w; forl < j<iandw;(s) = wj' fori <j<r.

Given P and P; € P, let SZ (resp. Sﬁe) denote the set of all left-dominant (resp.
right-dominant) scenarios for P;.

Theorem 1 Fix {13, )?}. Let s* € S be any worst-case scenario for {f’, }A’} and Py its
associated dominant partition. Then there exists a scenario sj, € SZ U Sﬁ, such that

sy is also a worst-case scenario for { P, Y} with Py its associated dominant partition.

Proof See Fig. 4. Let s* € S be a worst-case scenario for {P, Y} with associated
dominant partition Py = [x;,, x,,] € P. Without loss of generality, from Lemma 1,
we may assume that for x; outside Py, w; (sj) = w; .

To prove the Theorem we show that by only changing weights within P;, we can
modify s* to s € S¢ (JS¢% while regret does not decrease.

Without loss of generality, assume that @ (Py, vq, s*) > Or(Py, va, s*) (the other
case is symmetric). From Eq. 1,

OL(Pa, ya,s") = max g(Pg,ya,s* 1 i) 9

X, <xi<Yd
s
W1d~i>0
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————+++++++ ————————————— ———

o——— 0 o L 0— ——0
Lo L, Lm Ya Try  Tp

Fig. 4 Illustration of proof of Theorem 1. A left-dominant worst-case scenario for P; with sink y,. Left
evacuation time dominates. m is the index i that maximizes Eq. 10

where
* . 1 s*
g(Pa, ya, s i) = (ya —xi)T + ZW’d’i' (10)

Let m be the index i which maximizes the right hand side of Eq. 9 (in case of ties,
choose the smallest such ).

We now show the transformation from s* to s}. There are three possible locations
for vertices x; € Py (see Fig. 4):
(i) ya < x; < xy, : For any such ¢, set w;(s3) = w; . Reducing a weight can not
increase evacuation time so

Or(Pa, ya, sp) < Or(Pa, Ya, ™) < OL(Pa, ya, s™) = OL(Pa, ya, Sp)-
Thus @1 (Py, y4, s3) = O1(Py, ya, s*). By the definition of dominant partition,
Ok (PP, 9).55) = 0" (P, va,s3) = O (Pa. yar s) = OF(P, (P, 7). 57).
Finally, reducing weights can only decrease the optimal evacuation time so
Ogpi (P, 55) < Ogpy (P, 5™)
(ii) Xu41 < X; < yq : Again, for such 7, set w,(s}) = w, . After this transforma-
tion, for i > m + 1, g(Pg, ya, sy : i) < g(Pyq,yq,s* : i) while fori < m + 1,
g(Py,ya,sp i) =g(Pyg, yq,s* : i) so, by the choice of m,
OL(Pa, Ya,s*) = OL(Pa, Ya, Sp)
and still ©1(Py, ya, sp) = OY(Py, ya, $). By the same argument as in (i),
Ok (P.(P. 7). 53) = 0 (P. (2. F).5%).
and

(P,sg) < ek (P, s*)

opt opt

(iii) x;; < x; < x,, : For such ¢, set w,(s}) = w;’ . Then, simple calculation yields
@L(Pda Yd, SZ) = @L(Pd7 Yd S*) + (wt+ - wl(S*)) /C
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Fig.5 Illustration of x4t
Definition 6. Scenario s (11, 12) st t2)
hasw+entriesf0rt1§i<12 ***** LA e e i e i

i

and wl._ entries everywhere else Zo \ K s
131

to

where m remains the index that maximizes the value in Eq. 9. Thus,
O'(Pa. ya.5) = OL(Pa, ya. s}) = OL(Pa, ya.s*) + (wi — wy(s%)) /c

so, again, by the definition of dominant partition,
ok (P, (P, ¥}, s;) = OK(P, (P, T}, s%) + (w — wi(sY)) Je.

Also, increasing any one weight by can only increase the evacuation time by at
most the amount of the increase divided by c , so

Ok (P.sp) < O (P.s%) + (w) —w,(s") /e
We have thus seen, for ¢ in any of case (i), (i), (iii),

R({ﬁv ?}7 S;) = @k (Pa {ﬁs ?}s SZ) - @(])(pt(Ps Sz)
> O%(P,{P,Y},s") — Of (P, 5"
= R({P, Y}, s%).

s* is a worst case scenario with associated dominant partition Py, so 52 must be one
as well.

The discussion above considered changing only one w;. Repeating this process for
every t € [x,, x,] yields a left dominant scenario, sz for P;. The case in which
the right evacuation time dominates is totally symmetric and creates a right-dominant
scenario for Py.

We therefore can always create a worst case scenario in Szl U Sj‘{,. O

Definition 6 See Fig. 5. For integers t1, t; satisfying0 <t <t <n define? syt 1)
as satisfying

w, if0=<i<n,
+

wi(sp(t1, 1)) = w' ify <i<n

w; ifnp<i<n

2 Note that there is some redundancy in this definition in that, Vz, SZ (t,t) = sz (0, 0).
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and set
S*:= {sj(t1, 1) : t1, 12, suchthat 0 <ty <t <n+1}

Note that all scenarios of the type described by Theorem 1 are in S*. Thus

Property 2 Let {13, )A’} be some evacuation protocol. Then there exists s € S* that is
a worst-case scenario for {13, I?}. Note that |S*| = O (n?).

If the P is known in advance, there is a stronger property.
Definition 7 Consider partition P;, = [x;, x,]. Set
r
S*(Py) = U{sg(z, 1. sht.r + D}
t=I
Note that S* (P;,) € S* and |S* (P;;)| = O(x, — x; + 1).
Then Theorem 1 directly implies
Property 3 Let P = AP, ..., P} fix Y and suppose there exists some worst-case
scenario s* for {P Y} with assomated dominant partition Pj. Then there exists a
scenario s € S* (Py) that is also a worst case scenario for {P Y } with dominant
partition P,.
Next
Definition 8 For P = {Py, ..., P} set

S* (13) = | 5.

1<i<k
Note that S* ( ) C §* and ‘8* ( )‘ =Y, 00 —x +1) = 0(n).
Since some partition must be dominant this yields

Property 4 The set S* (ﬁ) includes some worst case scenario for {13, }A’}.

4 Local Costs of Partitions
This section uses the properties derived in Sect. 3 to associate local costs with partitions

and then show that the minmax regret value is the maximum of these local costs. This
will enable designing efficient algorithms.
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4.1 Local Partition Costs

Theorem2 Letl < r, set P;, =[x, x,] and let s € S be any scenario. Define

Vy € P, Rir(y.$):=0"(Py.y.5) — O5,(P.9),
Vy € B, Rir(y):= max{Ri-(y, )},

and

Rjyr:= min er(y)'

X|SYSXp
Then the minmax regret value for P satisfies

k .
Riyax (P) = min max {Riir }

where we denote P by P = {P1,..., P} with P; =[xy, xp;]

Proof The regret associated with {13, Y } under scenario s € S is

R ({1’3 ?},s)

1<i<k
_ 1 . . _ ok
= s {017y =00 (P
= max {Rin i)}

OK(P (P, Y}, s) — @gpt(P, s) (from Eq. 5)

max {@1(Pl-, vi. s)} —6k,(P,s)  (fromEq.2)

(1)
12)

13)

(14)

15)

The maximum in Eq. 15 is achieved when i = d, where P is the dominant partition.

The max-regret for {f’, Y } can be written as:

Rmax({ls, ?}) :max{R({ﬁ, ?},s)} (from Eq. 6)
seS
= {ng;i HR({ﬁ, ?}, s)] (from Prop 2)
= max max {le. (i, s)} (from Eq. 15)

seS* 1<i<k

= max max Ry, (v;, s
lgigkses*{ b (i )}

= max {Rliri (y,-)} (from Eq. 12)

1<i<k
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Table 1 The definitions of R;,., Ry, and R;, and associated d, d and d’ for given P

Ry (y) := max Ry (y, s) Rjp:= min Ry (y) d(P):= argmax Ry,
seS* X|Sy=Xr 1<i<k

R}, := max{R;,, 0} d(P):= arg max Ry,
1<i<k

R;.(y):= max  R;-(y,s) Rj.:== min_ R} (y) d'(P):= argmax Rl .

seS*([x,xr])

X|=y=xr 1<i<k

S*([x;, xr]) € S*. Lemma 6 shows that d = d’. Furthermore, if d > Othend =d' =d

To complete the proof note that the minmax regret value can be written as:

RE(P) = min Rpmax({P, Y})

(P.Y}
= min [max {Ri;r, )} (from Eq. 16)
{P,Y} <1<
o . R
mf{n {1<i<nkly;;ePz {lrga} { liri (yz)}}}
= min { max { min Ryr, (y,)}} (17)
P 1<i<k |1<i<k:yeP
= min max {Rl ,[}. (18)
p 1=i<k

O

Theorem 2 alone would permit developing a polynomial time Dynamic Program-
ming algorithm for evaluating Rmax (P). The remainder of this subsection defines two
related quantities R, and R;,, that permit developing faster algorithms. These are
listed in Table 1 for comparison.

Definition9 Let!/ < r. Set

(a) Vy € Py, R, (y):= max {R;(y,s)},
SES*(Pyy)
/ N
R). = x[r<n)1gx Rl ). (19)
(b) Ry = max{R;,, 0} (20)

We now prove that Eq. 14 will remain valid if R;, is replaced by R;, or R;.. The
final results that will be used for algorithmic development are stated in Lemma 6 and
Theorem 3.

Definition 10 Let P = {P, Ps, ..., Pi}. Set
d (13) = arg max Ry,,, d’ (ﬁ) = arg max er ,
1<i<k 1<i<k
d (13) = arg max Ié;ri.

1<i<k
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Lemma2 Letd =d <13) where P = {Py, Py, ..., P}. Then

Riyry = 1max {Rli"i} > 0. (21)

<i<k

Proof From Property 1, regret is always nonnegative, so Rﬁlax(P) > 0. Thus, from
Theorem 2,

0 < RK, . (P) = min max (R}

p l=isk
In particular, for any fixed P satisfyingd = d (ﬁ), Eq. 21 holds. O
Lemma 3
Vi, Ri;i=0 (22)

Proof If y € P;; then y = x;. Since for every scenario s, ! (Pii, xi,s) =0,
Rii = max <@1(Pn', Xii,$) — @é‘pt(P, S)) = max <—@§pt(P, S)) <0,
so Rjj = max{0, R;;} = 0. O
Lemma 4
Vi<r, R}, <Rp.
Proof Recall that S*(P;,) C S*, so

Vy € P, R,(y)= max R;(y,s) <maxR;(y,s) = Ry (y).
s€S*(Pyy) seS*

Ir

Thus

/o . / . _
R, = min R (y) < U Rir(y) = Rir. (23)

" x<y<x

Lemmab5 Letd =d (13) where P = {Py, Py, ..., Pc}. Then

Yy e Pu, R =R, (O, (24)

and

Ry ry = Rl,d,rd' (25)
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Proof For any y € Py set yg = y and fori # d set y; € [x;,xy,] to be a sink that
achieves Ry, ,, = Ry; r; (yi)- FixX Y = {y1, y2, ..., yk}-
Seta = Ry, ;. By the definition of d,

Vi <d, max Rir; (yiy 8) = Riyr; (vi) = Riyry < @
and

Vi >d, max Ri;r; (vis 8) = Ry (i) = Ryyry < .
Furthermore

max Ri,r,(ya, ) = Riyry(ya) = min Ry, (ya) = .
sES* la<ya<ra
Let s € S* be such that Ry, (ya, s') = Ri,r,(ya). Property 2 and the statements
above imply that s’ is a worst case scenario for {ﬁ, I?} and Py is the dominant partition
for {P, Y} under scenario s’ (following Definition 2). Property 3 then implies the
existence of s* € S*(Py) such that Ry, (ya, s*) = Ryyr,(ya, s"). Since S*(Pg) C S*,
this immediately implies

R, ,,(ya) = max derd(yd,S)=£§§derd(yd,S)=de,rd(yd).

5ES*(Py)
proving Eq. 24. Equation 25 follows from Eq. 24 and the definitions of Ry, ,,, Rl/d, rgt
o . _ . / _ /
Riyrg = deggxrd Riyrg(y) = X[dggxrd Rld,rd = Rld,rd'

LmnmaGFUISZ{PLIQP.”I%MWMfﬁ:[m”xn}Sad::d<ﬁ>d/:¢f(ﬁ)
andd = d (ﬁ) Then

L. Ry, = Rl/d/rd/ = ngnz'
2. If Ry =0, then
—-d=d

— Vi, Ry, =0,50d = 1.
3. IfRyy, > 0, thend =d' =d.

Proof From Lemma 2,

max {Rl.ri} = lr;l?;(k {max{le, O}} = max { ma;k {le}, 0} = max {le}

1<i<k ! 1<i<k
and thus Ry,r, = Ry,
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From Lemma 5, R, = Rl/dfd' From Lemma 4 and the definition of d’,

_ / / _ / _
Rigrg = Riyry < Ripr, = max {Rp,} < max {Rip} =Ry (26)

:R/

ld/rd/

This implies that R;

Furthermore, by the definition of d’, d’ < d. Suppose that d’ < d. Then, again
from Lemma 4, this would imply

= Ry,, completing the proof of (1).
Rldrd = Rl/d’rd’ =< Rld/rd/,

contradicting the definition of d. Thus d = d’,
If Rj;r, = 0 then, from (1), Ry, = 0. (2) then follows from the fact that

Vi, 0<Rj;, <R

= Rigrg

=0.
If 0 < Ry, then, from (1)
Riyr, = max{Ry;r,. 0} = Riyry = Ry,
Recall that Vj < d, Ry;r; < Ry,r,. Thus
Vj <d, Ryy; =max(0, Ry,y,) < Riyry = Rir;
s0 d = d. Combining with d = d’ proves (3). O

Combining the above proves the main result.

Theorem 3

k . . 5 .
Rinax (P) = min max {Ry, } = min max {Ry,} = min max {K,,}.
Proof Follows directly from Eq. 14 in Theorem 2 and part (1) in Lemma 6. O

The following observation will be quite useful in removing degenerate cases.

Lemma7 Fix P = (P, P»,, P} and set d = d (13). If Ry, =0 R =0o0r
Ri.r; = 0 then RE, (P) = 0.
Proof This follows directly from Lemma 6 and Theorem 3. O
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4.2 Recurrence Relations for Minmax Regret

For P = {P}, P3, ..., P}, the values Rir;s Rijris Rl/m,
different) costs of P; = [x;;, x,,]. Solving for RﬁlaX(P) using Theorem 3 is then the
problem of finding the minmax cost k-partition with these P; costs. Such partition-
ing problems can be solved in polynomial time using Dynamic Programming (DP).
We encode the corresponding DP recurrences for costs R;, and R;, in the follow-
ing straightforward lemma without proof. Note that a corresponding equation also
exists for the costs R;, but this would lead to a slower algorithm and is therefore not
presented.

can be interpreted as (three

Lemma8 ForO0<i <j<nandl <q <k set

undefined ifj—i<q—1
Miqj = Rl] _ -1 a = 1.’ @7)
,-Igrilfj max {Ri,, M(z+1)j} otherwise.
undefined ifj—i<q—1
0 ._ | R, s
Mij '_ ,-Ignzjiilj max {let, ng;]l)j} otherwise. o

Then

Moy, = min max {R;,,.} = R* (P)=min max {R, }\= M) .
On » lSiSk{ ltrl} max( ) » lSiSk{ l,‘r[} On

If the R; i (R j) are precalculated, Eq. 27 (Eq. 28) defines a dynamic program for
calculating all of the M %. (Ml./;l) in O(n3k) time.

For fixed i, j, from ]l)eﬁnition 9(a), it is not difficult to see how to evaluate le j in
O (n?) time (at least in the case when all sinks must be on vertices), thus calculating
all the R ;in O(n3) time. Once all R/ ; are known, Eq. 28 permits calculating Mk =
min p

We omit further details because we now present much faster algorithms for calcu-
lating M(’)]; This will be efficient for calculating Rﬁlax(P) for large k. Monotonicity
as introduced in the next subsection will yield a better algorithm for calculating M(’)‘n.

This will be efficient for calculating Rk (P) for small k.

max

maxj<j<k [Rl/,-r,-] = R . (P) in O(n’k) time, giving an O (n>) algorithm.

4.3 Monotonic Sequences

The following property of the R; will help speed up the calculations.
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Lemma9 Letl <r. Then

@) Rir < Rig+1),
) Ry < Ry—1yr-

Intuitively, increasing the size of a subpath can not decrease its regret.

Proof We prove (a). The proof of (b) will be symmetric.
Let s be any scenario. and x; < y < x,. Extending Pj one vertex to the right to
create P[(,+1) can not decrease evacuation time so

O (P, y,5) < O (Pipi1ys v, 5)
and then

Rip(y.8) = O (P, y,5) — O (P, s)
< O (Pigrt1), 3, 5) — Oy (P, 5) = Rigry1) (3, 9).

Since this is true for every scenario s,

R;(y) = max Ry (y, s) < max Rj+1)(y, s) = Rig+1)(y) (29)
ses* ses*
SO
o -
Ry o Tin Ry (y) < o Din Ri+1)(0)- (30)

Now suppose x, < y < x,41. Then, for every scenario s,
O (Piy. %y, 8) = OL(Pi(r+1). Xrs8) < OL(Pirr1), ¥, 8) < O (Pirt1y, v, 5)
and then

Riy(xr.5) = O (P x,.5) — OF (P 5)
< O (Pir1), . 5) — Oy (P, s) = Rigry1y (3, 5).

Continuing similar to above,
Ry (x) = max Ry (xp, 8) < max Ry 1+1)(y, ) = Rig+1)(y)
SES* SES*
SO

R = min R;(y) < Rip(x,) < min 1 Rig+1)(y) (31)

X|=Y=Xr Xp <Y=Xr+
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Combining Egs. (30) and (31) yields

Rj» < min <xlr<ny12xr Rip+1)(y), Lo Rl(r+1)(y))

= RiG+1)(Y) = Rigr41)

proving (a). As noted, the proof of (b) is totally symmetric. O
We give this property a name and derive useful properties.

Definition 11 Let A;j be real values defined forall0 <i < j <n.
A;j is monotonic if A;; = 0 and

VO <i Sj <n, A,'j < Ai(j+l) and VO <i < ] <n, Al'j < A(i—l)j-

The useful properties are

Lemma 10 Let A;; and B;j be monotonic. Fori < j define

c..— 10 ifi=j
YU | ming<, <y max{A;;, By} ifi < j

1. Then C;; is monotonic.
2. Forj>isettli,jl=min{t : i <t < jand A;; > Buy1)}.

(Note: such a t must exist because A;(j_1) > 0 = Bjj.) Then

Vieli,jl, Ay <Bgsy; ifandonlyif t<tli,jl, (32)
Cij =min{A;; j1, Bui j1j} (33)

3.Vl <i<j<mn, tlijl<tli,j+1]

Proof 1. From the monotonicity of B;;,
Vi,i=<t <], Bu+nj = Ba+ni+n
o)
max{A;;, Be+1)j} < max{A;;, Bu+1)(j+n}-
From the monotonicity of A;; and the fact Bj; = B(jy+1)(j+1) =0,
max{Ai(j-n, Bjj} = Aij-1 = Aij = max{A;;, Bj+n+n}-
Thus

Cij = 'min.max{Ai,, B(l+1)j} < . mm max{Al-,, B(l+1)(j+1)} = Ci(j+l)-
i<t<j i<t<j+1
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The proof that C; ; < C(;—1); is symmetric.

2. If j =i+ 1then t[i, j] = i and Eqs. 32 and 33 are trivially satisfied with
Cij = maX{Ai,-, Bjj} =0= min{Aii, B,‘j}.
Otherwise, j > i + 1. From the definition of ¢[i, j], Vi <t < t[i, j], A <
B(;11)j. Next, by monotonicity, and the definition of ¢[i, j],

Vi[i, j1 <t < j, Air = Auifi,j1 = Bali, j1vnj = Barn)j

proving Eq. 32. To prove Eq. 33 note that by monotonicity,

min max{A;;, B = mln B = B
;i {Air, Be+nj} = s Bang = Buig
and
min max{A;;, B Y= min A;; = A; i i
i jl=t<] { it (t+1)]} i jl=t<) it i,tli,j]

3. Note that, if A;; < B(11); then, by monotonicity, A;; < B11)j < But1)(j+D
and the proof follows from part (2).
O

_ Monotonic sequences are relevant because Lemmas 3 (Eq. 22) and 9 imply that the
R;j are monotonic and thus from Lemma 10(1)

Corollary 1 For every fixed g, 0 < q < k the ng defined in Lemma 8 are monotonic.

Note For later use we note that Lemma 9 and Corollary 1 no longer hold if R,
is replaced by R;,. Thus is because, after this substitution, Eqs. 29 and 30 no
longer remain valid because S*(Pj,) g S*(Pi(r+1)), S0 it is not necessarily true that
maxges+(p,) Rir(s,y) < MaXseS* (P, 1)) Ri-+1)(s, y). Thus, the Rl/r are not neces-
sarily monotonic. This fact will have later implications in the algorithmic design.

5 @ (P, x, s) and Rj;: Properties and Calculation

Equations 27 and 28 lead directly to two different dynamic programming solutions
for calculating the minmax regret; one based on R;; ; and the other on R . Using them
requires efficient calculation of R;; and R which first requires efﬁ01ent calculation
of @K(P, s).

Earlier papers, e.g., [9,16,20,27,34], in this area have already developed techniques
for fast calculation of @K (P, s) for fixed s. The closest to our needs is the Critical
Vertex Tree data structure of [9]. A straightforward modification of [9]’s design yields
the following:

Lemma 11 The Critical Vertex Tree (CVT) Data Structure can be built in O (n) time
and, once built, permits the following operations:

Leti < j and set P;j = [x;,xj]. Let0 <t < tp < n and sets = sE(tl,tz) as
introduced in Definition 6. Then all of the below can be calculated in O (logn) time.
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1. ®p(P;j, x,s) and Or(Pij, x, s) for any x € P;j.

2. @l(P,-j,s) and the value x* such that @l(P,-j,s) = max{@)L(Pij,x*,s),
@R(P,-j,x*,s)}.

3. Foranya > 0, max{x’ € P;j : Op(P;j,x',s) <a}.

4. Foranyx € Pjjand a > 0, max{j’ < j : Of ([x,xj/],x,s) <al

We note that [9] defines the Critical Vertex Tree for a fixed scenario s, provides the O (n)
construction algorithm, proves point (1) and gives an O (log?n) (and not O (logn))
algorithm for (2). In the “Appendix” (Sect. 8) we describe the modifications required
to extend their construction to yield the full strength of Lemma 11.

The remainder of this section, though, assumes the correctness of Lemma 11 and
describes how it permits fast construction of R;; and R/ The first step is to show that

it permits fast calculation of @Opt(P ,s) fors € $*.
For simplification, the derivations often use the following substitution.

Definition 12 Let s be fixed. Fori < j, define

Al =00, (Pij, 5).

Lemma 12 For fixed s and all q, A?j is a monotonic sequence.

Proof Adding a vertex to a subpath can only increase its 1-sink evacuation time so
1 1 1 q; 1 _

Aij < Ai(j+1) and A(l nj = Al.j. Since A;; = 0, the sequence A is monotonic. 1
The proof that A?. is monotonic will be by induction on q. Assume that A?j_ is

monotonic (as has just been shown for ¢ = 2). Now note that

Al = 05, (Pij,5) = lmlnj max{@opt(P,,, 5), @opt (Pu+1)j-8)}
_ q—1
= lr<ntli1] max{A”, A(r+1)]}
so by Lemma 10, Al.qj is also monotonic. O

The algorithm for calculating the optimum value ©
lowing feasibility test as a subroutine.

Opt(P,j, s) will utilize the fol-

Lemma 13 Assumei < j,a > 0ands = sg (t1, 1). Define

. s s . TRUE, lf()op[(Pl'j’ S) <,
Feaszble(q.z,],a,s).—{FALSE lf() t(Plj,s)>oz
Assuming a pre-constructed CVT, Feasible(q : i, j,a,s) can be calculated in
O (g logn) time.

Proof Note that if i = j, then A{, = ©,
TRUE.

Opt(P,,-, s) =0, s0 Feasible(q : i, j,a,s) =
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Ifi < jandg =1:
Al.lj = @épt(Pij, s) < «a can be checked in O(logn) time by using Lemma 11 to
directly calculate @(}pt (Pij, s).

Ifi < jandg > 1:
Set

1

t:=max{t' : 1" < jand Oy, (Piy,s) < a}.

This can be calculated in O (logn) time by first using Lemma 11(3) to find
x" =max{x" € P;j : Op(Pjj,x',s) <a}
and then using Lemma 11(4) to find
t=max{j" : j' < jand Og(P;j;,x",s) < a}.
If + = j then
Al =08 (Pi.s) <O, (P, s) <«

so Feasible(q : i, j,a,s) = TRUE.If 1 < j, then A}, <« and A}, ) > «.From

the monotonicity of A ; in Lemma 12,

q : . g—1
Aij <o« ifand only if A(t+1)j < .

So,ift < j,
Feasible(q :i, j,a,s) = Feasible(gq—1:t+1, j,a,s). (34)

Thus Feasible(g : i, j,c,s) can be implemented via a recursive procedure that
does O (logn) work to calculate ¢ and then calls Feasible(q — 1 : t + 1, j, a, ).
When g = 1 the evaluation can be done in O (logn) time, so the full evaluation of
Feasible(q : i, j, «,s) can be implemented in O (q logn) time as required. O

Lemma14 Let s = sj(t1, 1) and i < j. Assuming a pre-constructed CVT,
@é‘pt(Pij, s) can be calculated in O (k* log2 n) time.

Proof Letg < k. Set

q—1 }

tgli, jl=min{t : i <t < jand Ailt > A(z+1)j

Lemmas 10 and 12 guarantee that, if r € [, j] then
i<t<gli,j] & Al <a?! (35)

@+
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and

qg __ 1 g—1
Aij = min [A”q[i’j], Azq[i,j]j} . (36)

Equation 35 implies that #;[i, j] can be found via binary search using O (logn)
queries of the form (r < 1,[i, j1?) which are equivalent to the queries (A}t <

A‘(It:rll) ;7). This can be implemented by

1. Calculating o = Al.lt = @lpt(P,-t, s) in O (logn) time using Lemma 11 (1);

O

2. then noting that A}, < A% . iff Feasible(q —1:1+ 1. j.a.s) = FALSE.

From Lemma 13, the time for one query is O(q logn) so the total binary search time
to find #,[i, jlis O(g log? n). The full algorithm? to calculate A?j is then

1. If ¢ = 1, calculate Al.lj in O (logn) time using Lemma 11 (1)
2. Elseifg > 1
3. Find i, j]in O(qlog®n) time

Calculate Az‘lzq i1 in O(logn) time using Lemma 11 (1)
q—1
tqli, jlj

Return min {A1 [ ATl

4
5. Recursively calculate A
6 itgli, 1 “gli j1j |

Let F,; (n) be the time required to calculate A?j where n = j —i+ 1. The recurrence
relation is then

] O(logn) ifg =1,
Fy(m) = {Fq_l(n) + 0(qlog?n) ifq > 1,

which solves out to Fj(n) = O (k> log2 n. O

5.1 Evacuation Costs for Sinks not on Vertices

The following simple observation about the linearity of evacuation as the sink moves
along an edge between two vertices wil be needed. It follows directly from the evac-
uation cost formulas in Egs. 1 and 2:

Lemma 15 Supposei < k < jandx € Py_1)k. Foranyscenarios, ifxx—1 < x < xi,
then

OL(Pij, x,5) = OL(Pig, Xk, §) — T(xx —x) = Op(Pig, s) — T(xf — X)

and if xg—1 < x < X,

3 Without delving into details we note that the algorithm presented can alternatively be derived as a param-
eteric search [29] implementation of binary search using the feasibility test of Lemma 13 to implement the
binary search comparison.
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Or(Pij, x,5) = Or(Pg—1)j, X—1,8) — T(x — Xk_1)
= Or(Pi-1)j,5) — T(x — xk—1).

O (P;j, xk, 5) is the time required for the last piece of flow from within P;_1) to
reach xi. The intuition for the first equation is that no congestion can occur inside an
edge so the last flow reached x exactly t(x; — x) before it reached xj. The intuition
for the second equation is similar.

5.2 Strict Unimodality and Its Applications

Definition 13 Let f(x) be a function on a real interval I = [y, z]. f(x) is strictly
unimodal if there exists some x* € [ such that f(x) is monotonically decreasing
in [x, x*] and monotonically increasing in [x*, y]. It is not necessary that f(x) be
continuous. Note that x* is the unique minimum location of f(x).

Strictly unimodal functions arise quite naturally. The proof of the following lemma
is straightforward and therefore omitted.

Lemma 16 Let f(x), g(x) be, respectively, monotonically increasing and decreasing
functions on I. Then h(x) = max {f (x), g(x)} is a strictly unimodal function on I.

Finally, the maximum of strictly unimodal functions is easily shown to be strictly
unimodal.

Lemma 17 If fi(x) and f>(x) are both strictly unimodal on I then f(x) =
max { f1(x), f2(x)} is also strictly unimodal on 1I.

More generally, if fi(x),i = 1,2, ..., jareall strictly unimodal on I then f(x) =
maxi<;<; fi(x) is also strictly unimodal on 1.

Strictly unimodal functions arise in our problem due to the following:

Lemma 18 Leti < jands € S. Then

1. ®'(P, x,s) is a strictly unimodal function on P as a function of x.
2. R;j(y, s) is a strictly unimodal function on P;j as a function of y.
3. R;j(y) is a strictly unimodal function on P;j as a function of y.

4. Rz{j (y) is a strictly unimodal function on P;j as a function of y.

Proof 1. This follows directly from the definition
O (P,x,5) = max{OL(P, x,s), Or (P, x,5)}, (37)
®r (P, x, s) being monotonically increasing in x, ®r (P, x, s) being monotoni-
cally increasing in x and Lemma 16.
2. From the definition

Rij(s.y) = O (Pij. y.s) — OL,(P.s).

Part (1) states that © ! (P; j» ¥, §) is strictly unimodal. Subtracting a constant from
a strictly unimodal function leaves another strictly unimodal function.
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3. Apply Part (2) and Lemma 17 to
Rij(y) = Rij(y,9)}.
ij () grggg{ ij(v.9)}
4. Again apply Part (2) and Lemma 17, but this time to

R..(y) = max {R;i(y,s)}.
L) ses*(Pi/_){ i (v, 9)}

Binary searching on Strictly Unimodal functions is known to be “easy”.
Lemma 19 Let f(x) be a strictly unimodal function defined in [x, y] and x* the loca-
tion of its unique minimum value. Let x = X1 < X2 < ...Xx, = y be a sequence of

points and g(n) the time required to evaluate g(x;) for any i. Then, in O(g(n)logn)
time, binary search can determine the index

t=max{i : 1 <i <n, and x; < x*}
Note that if t = n then x* = x, = y. Otherwise x; < x* < x;41.
This immediately leads to the major technical construction lemma

Lemma20 Leti < j be integers, s € S* a scenario, x € Pij,

o (n) = Time needed to evaluate @(lfpt(P, s),

B, j,s) = Time needed to evaluate O (P;j, x, s) and Or(P;j, x, 5).
Recall that
/

. , .
(@) R;j = xiglng R;j(y) and (b) R;; = min le(y). (38)

Xi<y=xj
Then
(a) R;j and the y at which the minimum is achieved in Eq. 38 (a) can be evaluated in
time

) (n2a(n) +n2BG, j, s)1ogn) .

(b) le ; and the y at which the minimum is achieved in Eq. 38 (b) can be evaluated in
time

O((j—i+Dam+ (G —i+1)B3,]j,s)logn).
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Proof (a) Use O (n2a(n)) time to calculate @(’)‘pt(P, s) for all the O(n?) scenarios

s € §*. Store these O(n2) values so that they can be retrieved in O (1) time.
For fixed s and y, calculating

Rij(y,s) = max {Op(Pij, y,5), O(Pij, y.5)} — @gpt(p, s)

only requires an additional O(B(i, j, s)) time.
R;j(y) can then be evaluated in O (nz,B(i, J» §)) time by evaluating R;; (y, s) ateach
of the O(n?) s € S* and returning the maximum. Call such a calculation of R;;(y) a

“query”.

Since R;;(y) is strictly unimodal as a function of y, there exists a unique location
x* at which it achieves its minimum.

Using O (logn) queries, Lemma 19 finds either that x* = x; or returns a ¢ such
that x* € [x;, x¢41).

In the first case, the argument above permits calculating R;;(x*) = R;j(x;) in
O(n%B(, j,s)) time.

In the second case, the same argument permits calculating R;; (x;) in O n%B(, j,s))
time.

If x* # x; then, x* = x; + 8 for some § > 0 and, from Lemma 15,

Or(Pij, x; +8,5) = Op(Pij, xi,5) — T(x* — x;)
OrL(Pij, xi +8,5) = Op(Pj, X141, 8) — T(X;41 — Xx¥)

Plugging in the definitions and collecting terms yields, Vx € (x;, x;41),
Rij(x,s) = maX{@R(Pij,xz, 5) — @(]fpt(P, §) —1(x — x;),

OR(Pyj. xi41,8) = Ol (P.) = Txia1 = 1)

= max{AS —1X, By + rx}
where Ag and B; are appropriately defined constants. Thus Vx € (x;, x;41),

Rij(x) = gré%)g{Rij(x,s)}
= maxmax{AS —1tx, By + rx}

ses*

= max {max{As — tx}, max{B, + tx}}
ses* ses*

= max { <max AS> —TX, <max BS> + rx}
sES* sES*

=max {A — tx, B+ tx}
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where A = maxcgx Ay, B = max es+ Bs. Ifthe Ay, By and thus the A, B were known
then, by linearity, finding the unique x* € [x;, x;4+1) such that

Ri’j(x*) = min R,-j(x) = min (Rij(xt), min R,‘j(x))
XE[xr,X141) XE(Xt, X1 41)
needs only O (1) time. Since A and Bs can be calculated in a further O (|S*|(x(n) +
B(, j,s))) time where |S*| = O (n?), the proof is complete.

(b) Start by spending O ((j — i + 1)a(n)) time calculating @é‘pt(P, s) for all the
O((j—i+1))scenarioss € S*(P;;). The evaluation of R’ j is exactly the same as that of
Rl(j in (a) exceptthats € S*isreplacedbys € S*(P;;). Since [S*(P;;)| = O(j—i+1)
this would just replace every n? in the analysis with |j — i 4 1| which is the claimed
result. O

5.3 Quick Construction of R;j and R;j

The tools just developed provide quick proofs of the following two lemmas.

Lemma 21 Assume a pre-constructed CVI. For any i < j, R;j can be evaluated in
O (n*k? log2 n) time and can be evaluated in lej inO(j —i+1k? log2 n) time.

Proof Lemma 11 immediately provides that Vs € S*, 8(i, j, s) = O(logn).
Lemma 14 gives a(n) = O (k> log2 n).
Plugging back into Lemma 20 completes the proof. O

Lemma 22 All O(n?) lej can be constructed in O (n> log n) total time.

Proof First use O (n) time to construct the CVT.

Next calculate @(’)‘pt(P, s) for each of the O(n?)s € S*. As previously men-
tioned, [7] describes how to calculate one @é‘pt(P, s) in O (n logn) time so this takes
O (nlogn) time. Store the values in an array so each can be accessed in O (1) time.

For fixed i, j, Lemma 11 permits calculating & (P;;, x;, s) and O (P;}, x;, s) in
O (logn) time. Use O (n? logn) time* to calculate these for all pairs i, j and then store
the O (n?) values in an array so that they can be accessed in O (1) time.

Then apply Lemma 20 with «(n) = O (1) and B(i, j, s) = O(1) to see that we can
calculate lej in O(|j —i + 1|logn) = O(nlogn) time. Thus, all O(n?) lej can be

calculated in O (n> log n) time. O

6 Algorithm Design

The tools developed now permit designing efficient algorithms for calculating the

minmax regret value Rr’;ax( P) and the associated {ﬁ*, Y *} that achieve that value.

4 We note that a more delicate algorithm could actually calculate all O(nz) values in O(nz) time from
scratch. That would not improve the overall running time, though, so we do not provide details.
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Section 6.1 provides a simple dynamic programming algorithm based on Eq. 27
and R; j that runs in O (n> logn) time, independent of k.

Section 6.2 combines Eq. 28 and the monotonicity of the R;; to develop a
O (n’k* log"*! n) time nested binary-search algorithm.

If the R; ; were also monotonic, then directly replacing the R;; in Sect. 6.2 with R ;

would immediately lead to an improved O (nk?logt*! n) algorithm. Unfortunately,
this is not necessarily true, so that approach fails. The relationship between the R;;
and lej derived in Lemma 6, though, will permit modifying the algorithm in Sect. 6.2

to run in O (nk? log“™! n) by simulating sequences of calls to R;; with calls to R} .

This modification is first illustrated for the simpler k = 2 case in Sect. 6.3 and then
generalized to all k£ in Sect. 6.4.

The algorithm for k = 2 runs in O (n log® n), improving the previously best known
O(nlog* n) algorithm of [9]. To put this into context we note that the algorithm of
[9] was actually based on the properties in Sects. 3 and 4 as quoted from an unpub-
lished earlier version [2] of this paper combined with their earlier version of the CVT.
Unwinding [9]’s algorithm, it can be seen that the O (log n) improvement for the k = 2
case primarily comes from the O (log ) improvement to the CVT in our Lemma 11 (2).

6.1 A Simple Dynamic Program

Forg=0,1,...,kset M'(q : i) :=M{Z as defined in Lemma 8. Then

undefined ifg>landn —i <g—1
M(q:i)={ Ri, ifg =1 (39)
min max {R/ Mg—1:t+ l)} otherwise

it
i<t<n u

From Theorem 3, M'(k : 0) = M(’)]; = RK_.(P). Use Lemma 22 to calculate all of

the le’j values in O (n> logn) time, and then DP Eq. 39 to fill in all of the M'(q : i)
table entries in O (n2k) time (O (n) time per entry) leading to

Theorem 4 Forallk < n,

RE(P) = min Rpax({P, V}) = MY
{P.,Y}

can be calculated in O (n? logn) time.

Note that this algorithm actually calculates the values RX . (P) for all k < n, not just
for one specific k. Also, the dynamic program can be unwound using backtracking
to find the {ﬁ*, )A’*} that achieves the minimum value and the worst case scenario
associated with it.
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6.2 A First Binary Search Based Algorithm

Forg =0,1,...,k,set M(q :i):= Ml.qn as defined in Eq. 28. Then

undefined ifg>1landn—i <g—1
Mg :i) = Rin _ ifg =1 (40)

min max {Ri;, M(qg —1:1+ 1} otherwise

i<t<n

Using Theorem 3 and Lemma 8, our goal is to calculate M (k : 0) = Mé‘n = Rﬁlax(P).
This will be sped up by the fact (Corollary 1) that the Ml.qj are monotonic.
From Lemma 10 and Corollary 1

q _ . 5. g—1 T - g—1
Min = iI<ntl£n max {R,[, M(z+1)n} = min [R,,q[,,,,], Mtq[i,n]n} 41
where
. . . -1
tyli,n] =min{t : i <t <nandR; > M?,H)n} (42)

and f4[i, n] satisfies

Vielionl, Ry <M@,), ifandonlyif t<i,l[i,n). (43)

The algorithm binary-searches to find #,[7, n] and then compares the two possibil-
ities on the right hand side of Eq. 41 to find the correct answer.
To formalize this idea, for £, u, satisfying i < €4 < uy < n, define

M(q:i €y u;)= min max{}é,-,, ngl)n]. (44)

Ly <t<ug

Definition 14 The parameters of M(q : i, £,, u,) satisfy the sandwich condition if
Ly < t4li,n] < uy.

If M(q : i, %4, u,) satisfies the sandwich condition then, from Eqs. 41, 42, 43,

M(q : i»glh "‘q) = min max {Rita Mq_l ] = min [Rifq[i,n]v Mq_l ]n} = Mlqn’

g <t<u, (t+Dn fqli.n

leading to

Property5 1If M(q :1i,{,, u,) satisfies the sandwich condition then
M(q:ilg,ug)=M(q:i)=M].
Note thati < #,[i, n] < n, so

Property6 Yi,q, M(q :i,i,n — 1) satisfies the sandwich condition.
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M(q : i,0q, uq) : Returns ming, <¢<u, {Rn7 ]W(z+1)n}'

1. fq=2:
(a) If £q =uq =1i: Then t4[i,n] = €4 =i ; so Return (M2, = 0)

(b) If bq = uq # i: Then tq4[i,n] = g # i;
so Return (M2, = mm{waR[/qn})

(c¢) If bq < uq: Then set m = | (g + uq)/2]
Check if Ry, > R(m+1)n
(A) If yes, then £4 < t2]i,n] < m; so Return (M (2 : 7,44, m))
(B) If no, then m < ta[i,n] < ug; so Return (M(2:i,m + 1,uq))

2. Ifq>2:
(a) If g =uq =i: Then £y = t4[i,n] = i; so Return (M} =0)
(b) If bg = uq # i: Then t4[i,n] = g # 1;
so Return (M = min{R;,, Mq 1})

(A) le’q_nl is recursively calculated by calhng M(g—1:4g,8g,n—1)

(¢) If g < uq : Then set m = |(¢q + uq)/2]

(A) Check if Ry > M 1))

Do this by first calculating le and then M(m+1)n

(m+1)n =M@—-1:m+1m+1n-1)
(B) If yes, then ¢4 < tq4[i,n] < m; Return (M (q : i,£4q,m))
(C) If no, then m < tq4[i,n] < ug; Return M((q:i,m+ 1,uq))

by recursively calling M~

Fig. 6 BIN 1—the first iterated binary search algorithm. Calling M (k : 0,0,n — 1) returns the correct

answer M = Rﬁlax(P)

This fact will be used often below. As a special case, Property 6 implies

min Rpax({P, ¥})) = ME, = M(k:0,0,n — 1).
{P.Y)

BIN1, arecursive algorithm for evaluating M (q : i, €4, uy) satisfying the sandwich
condition, is presented in Fig. 6. Calling M (k : 0, 0, n — 1) returns the final solution.
Without providing details, we note that BIN1 can be easily modified to find the (P, Y}
that achieves the minimum and the worst case scenario associated with it. To prove
correctness of BIN1 we first show that it terminates, then that all recursive calls satisfy
the sandwich condition and, finally, that if the calls satisfy the sandwich condition
they terminate with the correct solution.

First note that this algorithm always terminates because all recursive calls from
M(q :i, ¢y, uy) either decrement g or reduce uy, — £4.

Next note that if the parameters of a M(q : i, £y, uy) call satisfies the sandwich
condition then all of the recursive calls it makes satisfy the condition as well. For the
calls on lines 2(b)(A) and 2(c)(A) this follows from Property 6. For cases 1(c) and 2(c)

the sandwich condition imposes Rj;, < Mgz 41y BY setting m to be the midpoint

between £, and u, and checking whether ornot R;,, < M/ (m +1)n monotonicity implies
whether 7, [1, n] is to the left or right of m and BIN1 makes a recursive call in the
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Fig. 7 The diagram illustrates Cases (c) and (b) in Algorithm BIN1. The sandwich condition guarantees
that #4[i, n] € [£4, ugl, the crosshatched region in (i). BINI tests whether R,m > M(m+1)n
the crosshatched region, recursing to the left or right appropriately. The recursion terminates when 7 =

tqli, n] = 4 = ugq. These are subfigures (ii) and (iii). In (ii) th > M(l+1) while in (iii) Rir_ < M?tJrll)n

as in case (b) in the algorithm. Case (a) of BINI (not

and halves

BIN1 returns the minimum of R” and M(t+1)

_ . . B g—1 .
pictured) is the degenerate situation #4[i, n] = €4 = ug = i which forces R;; = M(z+1)n 0 and permits
terminating the algorithm

appropriate half range containing #,[i, n], maintaining the sandwich condition. Thus
the recursive calls on lines 1(c)(A), 1(c)(B), 2(c)(B) and 2(c)(C) all also satisfy the
sandwich condition.

Finally, for correctness, note from the sandwich condition, (41) and (42)

— 1fﬁq = uy =1i,then0 = R” = M(,.H)n so Miqn =0
— if €y = ug # i, then t,[i, n] = £, and M, = min{Ry¢,, M{"}.

These are subcases (a) and (b) in cases (1) and (2). Thus the algorithm is cor-
rect when ¢, = u,. As noted above, when ¢; < ugy, i.e., subcase (c) in both
cases, the algorithm recurses by making a correct call that maintains the sand-
wich condition. The correctness of the algorithm then follows from simple induction
(Fig. 7).

Now, let f(n) be the worst case time required to evaluate a single value
R; j (and thus Rij) and F,(m) be the worst case time BINI requires to cal-
culate M(q : i,¢4,uy) when u, — £, < m. Working through the code
yields

2f(n) + O(1) ifg=2m=1
Fz([m/21)+2f(n)+0(l) ifg=2,m>1

Fq(m) = F : —
a1 () + f() + 0(1) ifg>2,m=1

Fq(rmm) +F, )+ f)+ 0(1) ifg =2, m>1
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This is a very standard multi-dimensional divide-and-conquer recurrence (see, e.g.,
[6]) which evaluates out to Fy (n) = O(f(n) log"~! n). Plugging in Lemma 21 imme-
diately proves

Theorem 5
min Rmax({P. V) = M§,
{r.Y}

can be calculated in O (n*k* logk+l n) time.

For fixed k, this is better than the O (n> log ) algorithm from Theorem 1 and would
be the best algorithm known for fixed £ > 2.

6.3 An Improved Binary Search Algorithm for k = 2

Lemma 21 permits constructing the R; ; in O(nk?log®n) time instead of the
O (n%k*1og? n) required for R; . This suggests replacing the R; j calls in BIN1 with
R ; calls. The difficulty with this approach is that Algorithm BIN1 strongly used the
monotonicity of M l.q. which was a consequence of the monotonicity of the R; j derived
in Lemma 9. Unfortunately, as noted after the statement of Corollary 1, Lemma 9 can
not be generalized to prove the monotonicity of the R; i Consequentially, the algorithm
can not just simply replace the R;; with R/ iz

It can, though, use the relationship between R;; and R; ; in Lemma 6 to simulate

Rij calls in BIN1 with R/ calls.

This will be quite technical so, to provide intuition, we first work through the details
for k = 2. When k = 2, BIN1 only calls case 1 (with ¢ = 2) and all calls have i = 0.
This specialized version is written as BIN2.2 in Fig. 8; for simplification, the call

T(¢,u) : Returns ming<s<qy {ROt, R(t+1)7z}~

% V(t) = min(Ry,, thl)”) and d’'(P(t)) can be calculated in O(nk?log?n) time.
% If any call returns V(t) = 0, then terminate algorithm with Mg, = 0.

(a) If ¢=u=0: Then t3[0,n] = £ = 0; so Return (M2, = 0)

(b) If £=wu# 0: Then t2[0,n] = £ > 0;
so Return (Mg, = min{Ros, Rsn}) = min{V (¢),V (¢ - 1)}

(c) If £ <u: Then set m = |[(£+ u/2]

Check if Rom > R(pm1)n-

% Rom > R(ymq1)yn if and only if d’(P(t)) = 1

(A) If yes, then £ < t2]0,n] < m; so Return (7'(¢,m)).

(B) If no, then m < t2[0,n] < u; so Return (T'(m + 1, u)).
Fig.8 BIN2.2—the second iterated binary search algorithm, specialized for the case k = 2. When k = 2,
g =2andi = 0, so the call M(q : i, Ly, ug) from BIN1 can be rewritten as 7 (¢, u). Also note that
MZ;ll)n = R(,+1)n. The Rij calls in the algorithm can be simulated by lej calls as noted in the comments
and explained further in the text
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M2 :0,£,,uq) is relabelled as T (£, u). We now show how BIN2.2’s use of Rij
terms can be replaced by R; ; terms.
For given ¢, define the partitions

13(t) ={P1(t), Px(t)} where Pi(t):= Py, and P>(t) := P41y
and set
V(1) := max{Rg,, R(,, ), }-
From Lemmas 2 and 6
V(1) = max{Ros, Rt }-
Furthermore, if V(¢) = 0O for any ¢, then M&n = 0 and the algorithm can terminate.

Lemma 6 also implies that if V() > 0, then d’(ﬁ(t)) = cf(ﬁ(t)) and there are
only two possibilities

— d'(P(t)) =d(P(1)) = 1. Then
R), > Rzz+l)n and Ry, > Ry+1yn and R), = Roy.
— d'(P(t)) =d(P(t)) = 2. Then
R), < Rét+l)n and Ro; < R4+1), and REtJrl)n = Ri+1yn-

Now consider the 3 parts of BIN2.2
(@) f¢{ =u=0:Thenn[0,n]=£=0

In this case, exactly as in BINI, 0 = Ry > Rj_, so M2n =0.
(b) If ¢ =u # 0: Then 2[0,n] = ¢ > 0.

As in BIN1, the algorithm needs to return Mgn = min{ﬁog, R@n}.

By the definition of #,[0, n]

— d(P(0)) = 1,50 V(£) = Ro¢ = Ry,
—d(P(t—1))=2,50V( —1)=Rep, =R,

Thus BIN2.2 correctly returns the value
min{Ro¢, Ren} = min{V (€), V(¢ — 1)} = min{R(,, R}, }.
(c) If £ <u:Thensetm = (£ + u/2]. Check if Roy > Rint1yn-
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Start by calculating V (m) = max{Ry,, R£t+1)n} and d'(P(t)). From the obser-

vations above, if V(m) = 0, then M&n = 0 and the algorithm can terminate.
Otherwise V (m) # 0 and

Rom = Ronsnyn iff d'(P(m)) =1 iff R, > R{, 1),

Thus (c) can be implemented properly by just checking whether or not R(), >
Rl
(m+1)n*

Notice that all evaluations of R;; are now simulated by evaluations of R; i Since

/

(t+D)n in O (nk? log? n) time this proves

Lemma 21 permits constructing the pair R, R

Theorem 6 Ifk = 2 then

min Rpax({P, ¥}) = M3,
{P.,Y}

can be calculated in O (nlog> n) time.

6.4 An Improved Binary Search Algorithm for General k

Generalizing the ideas above for k > 2 is more complicated. It will need to utilize
information that BIN1 ignored. More specifically, M(q : i, {,, u,) was evaluated at
the end of a recursive chain of calls that actually defined a splitting of [xg, x;_1] into
k — g partitions. The new algorithm will recall and use those partitions. This will be
done by passing alist £ of the right boundaries of the partitions to the called procedure.

Also, BIN1 evaluated Iéij values exactly when they were needed. The new algorithm

will defer evaluating R; ; values until a full P with k partitions has been formed and

will then evaluate all of the R; j values for that P simultaneously.

Definition 15 For v < k and asequence 0 < ry <rp <r3 <--- <r, < n set (See
Fig. 9)

L= <ri,r,...,ry > .

Such a list will be called a partition sequence with size |L|:=v.If L = @, set v:=0.
Given a partition sequence L of size v,

— Set/y:=0and, for1 < j <wv,setljy1:=r; + L
— If v =0, set V(£) :=0 and leave d (L) undefined. Otherwise, set

V(L) := ]Ig;l; le,j, d(L) := arg max le,j.

I<j=<v
~Ifv=Fk—1,setr,:=nandVj, P;:=[x;, x,]. Define P(L) as

P(L):={P), P, ..., P}
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Ly Ty
Ty Tpy Ty
Pl P2
Ll Ty
(1)
Ty Try Ty Lr,
PP P,y P
Ly Try T, g, Tio1 Ti
(111> \ m ] ,l -
Ty Try L Try_y Llypa T P P P Ln
Pl P2 PU71 Pv Pk—q+1 k—q+2s Lk—q+3y -+ Ik

Fig.9 In the diagram above 7 = 1,[i, n]. This diagram illustrates the recursive calls in Case 2(b) (subfig-
ures (i) and (iii)) and Case 2(c) (subfigure (i)) in the revised algorithm that calculates T'(v : £, £, ug).
L =<r,r,...,7y >, q = k—vandl;;; = r; + 1. Note that £ defines the partitions to the
left of x,. The algorithm works almost the same as BINI in trying to find the minimum value of
M?H_ln. The main difference between this algorithm and BIN1 is that if this algorithm ever finds that

V(£) = maxp<j<y le,rj > Ml(i+1" the procedure returns immediately

— Ifv<k—1andr, < j < n define the j-extension of L as
LOJi=<r,1r0,..., 1y, ] >.

Evaluations of R;,,, will be deferred until v = k — 1 when £ will correspond to a
full partition. At this point, the evaluation of all of the le in P(£) will be replaced
by evaluation of the R/ ;in P (L) using the following:

Lemma 23 For partition sequence L =< ri,r2,...,rk—1 >, let Test(L) be the
procedure that returns the pair (d, V) where

V= max Iélm and d:= min {j : le,j = V} =¢2(13(£,)).

1<j<k

Then

1. Test(L) can be implemented in O (nk* log2 n) time.
2. If V=0, then Rk, (P) = 0.

max _ - —
3. If V>0, thenVj <d, Ri;r; < Rigry andVj > d, Rijr; < Rigry.
Proof From Lemma 21 a fixed Rl/,-rj can be constructed inin O(|r; —I; + 11k% log? n)
time. Since Zf‘:l |rj —1; +1] = O(n), all of the Rl’jrj in P(L) can be constructed in

O (nk?log? n) total time. The remainder of the lemma follows directly from Lemmas 6
and 7 and in particular the facts that
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()
V(L) = max Rl i = lmja<k Rz i (45)
(i) if V = 0 then Rﬁlax(P) =0, and
(iii) if V # O then d/(P(E)) = J(IS(E)). O
We can now describe the algorithm. For £ =< r|,r2, ..., r, >setg = k — v and
define
Tw:L, Ly, ug):=(d,V)
such that
. q—1
V := max {V(E) qui’ltliluq max {Rlv+lt’ M(t+1)n}} ,
(46)

. mln{ 1 < j < v such that Rl = V(E)} ifV =V (),
T lu+1 ifV > V(L.

Intuitively, £ fixes the first (leftmost) v partitions. The maximum is taken over
those v partitions and the best case for the remaining ¢ = k — v partitions on the right.
If the maximum is one of the first v partitions, d will record its location. Otherwise,
d = v + 1 denotes that the maximum is not one of them.

We now modify algorithm BIN1 from Fig. 6 so that it calculates 7'(v : £, £y, ug)
instead of M (q : i, £y, uy). As defined, M(q : i, £;, uy) didn’t originally store infor-
mation as to the partition boundaries to the left of location x;. T (v : L, Ly, ug) will
use that missing information, encoded in £. Similar to the previous section we define

Definition 16 The parameters of 7' (v : £, {4, uy) satisty the sandwich condition if
Eq = tq[lv-H, n] < Ug.

If they satisfy the sandwich condition then

. qg—1 . g—1 _ q
¢ Elln max {Rluﬂf’ M(H—l)n} = min {Rlv+lfq[lv+l,"]’ Mtq[lu_H,n]n} - Ml,+1n'
q=t=iq

Thus

Property 7 If the parameters of T'(v : L, £, u,) satisfy the sandwich condition then
d,V)=T(:L, £, uy) satisfies

v =max{ve) M) (47)

Furthermore, if V = V(£) thend = d(L).

Note that since j + 1 < #4[j + 1, n] < n, it follows that
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Property8 A call of the form T'(v : L ® j,j + 1,n — 1) satisfies the sandwich
condition.

As a special case, T(0 : ¥, 0, n — 1) satisfies the sandwich condition so (d, V) =
T(0:%,0,n— 1) yields max {V((Z)), M

Iin

The final main observation is thatif T'(v : £, £, uy) is called withv = |[£| = k-2
then £ @ j will define a full partition so T'est(L @ j) is well-defined.

We now work through the new algorithm, BIN2. We will always assume that no
call (d, V) = Test(L) will ever return V = 0 because, if it does, Lemma 7 permits
terminating BIN2 and reporting that M(’)"n =0.

BIN?2 follows. We stress that the logic of BIN2 is exactly the same as that of BIN1
and therefore do not explicitly prove correctness. Instead we describe how the R;. j
evaluations in BIN1 are correctly simulated by the T'est ( : %, %, *) calls in BIN2. In
particular, boxes labelled “Call” are calls to either T est or recursive calls made by the
procedure; boxes labelled Return(d, v) are what the procedure returns (based on the
calls it made).

] = M, which is what is required.

(1) v=Kk — 2which impliesq =k —v=2: Recallly_| =ry_» + 1

(a) If €2 = up = Ix_1 the same analysis as in Sect. 6.2 shows that #>[l_1, n] = £»
SO Mi_ln =0.

Let (d,V):=Test(L & £3). If V # 0 then from Property 7, V = V(L) and
d = d(L). Thus the following returns the correct answer:

Return (d,V):=Test(L® (7).

(b) If £ = wy # lx_1 : From the sandwich condition, £, = t2[lx—1, n]. To simplify
the analysis set

A:=Ry_ 6o, B:=Ruy41m, A =Ry ,@,-1), B :=Rep,
From the definition of t>[ly_1,n], A > B, A’ < B’, and

M}, = min {max{A, B}, max{A’, B'}} = min{A, B'}.

Now
Call
(da, V) := Test(L D Lr);
(dp, Vp) = Test(L® ({p — 1));
Recall that

V(L) = 1 max 2lerf'

<j<k—
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From the facts above and Property 7

Vi =max{V(L), A, B} = max{V (L), A},
Ve =max {V(£), A", B'} = max {V(L), B'},

V = max {V(E), Man] = max {V (L), min{A, B'}} .

The following flow directly from the definitions

A>B S0 da #k, A < B so dp #k —1,
Ifdgs<k—2 =>Vy=V() > A, Ifdg <k—2 = Vg=V(L) > B,
fdy=k—1 = Vi=A> V(L), Ifdg=k = Vg=B > V(L).

This provides enough information to calculate (d, V) = T(k —2 : L, >, £>) from
the results of the Test() procedures. There are four possibilities.

Return (d, V)

dy<k—2and dp<k-—-2 = di= dy=dp and V:=Vy=Vp=V(L)

dy=k—1and dg<k-2 = d:.= dp and V:=Vg=V()

ds <k —2 and dp =k = d:.= ds and V=V4=V()

dys =k—1 and dp =k = d: k—1 and V := min{Vy, Vg}
©)ly <uy:

Note that by the sandwich condition €» < f[lx_1, n] < us, so Eq. 47 implies that
V = max [V(c), M2 } _Setm := [ (€2 + u2)/2] and run

lp_1n

Call (d',V'):= Test(L®m).

By definition, V' = max{V (L), A, B} where
A= le—lm and B:= R(m+1)n'

Furthermore,

2

lp_in = min max {R,_,;. Ry+1)n} < max{A, B}.

L1 <t<n
Note that if ' < k — 2 then
V(L) =V'>max({A, B} > M,
and thus (d, V) = (d', V).

Ifd’ > k—2 theresult of the T est () procedure can not calculate V from V’. Similar
to BIN1, though, it can halve the possible range of #>[l;_1, n]. More specifically,
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-Ifd =k—1

- le—lm =A=V'>B= R(m+l)n
- =>4 <bll-1,n] <m
= d,V)=Tk—2:L, ,m).

- Ifd =k

— R(m+l)n =B = V/ > A= R[k—lm
—=>m+1=<nll_1,n] <u
= A, V) =Tk —=2:L,m+1,u).

This provides enough information to calculate (d, V):=T(k — 2 : L, €, up) from
the results of the T'est() procedure. There are three possibilities.

Return (d, V)
d <k-2 = d,v):= d, Vv’
d=k—1 = d,V):= Tk—2:L,¢E,m)
d =k = d,V):= Tthk—2:L,m+1,us)

(2)v <k —2: which impliesq = k — v : Recalll,1| =r, + 1

(a) If £4 = ugq = ly41 the same analysis as in Sect. 6.2 shows that £, = #,[ly+1, n]
SO

O 2 Rlv-HJU-H = M

-1
= M, 41 2 0 (48)

which immediately implies that M ?1 = 0 and so, from Property 7,

v+1+Dn

Return (d,V):=TWw+1: LB lyt1,ly+1 + 1,n).

(b) If £ = uq # ly41 : From the sandwich condition, £, = t4[l,+1, n]. Set

P i1 IR 1 g1
A.—R[L,+]gq, B'_M(lq-i-l)n’ A= R1v+1(5q*1)’ B .—qun ,

Again from the definition of #,[l,41,n], A > B, A’ < B/, and MZ+1 = min{A, B'}.

Now

n

Call
da, Vo) =T+ 1: LBy, L, + 1,n) (Figure 9(ii))
(dp, V) =Tw+1:LDL; —1,¢4,n) (Figure 9(iii))

Similar to the v = k + 2 case, from the facts above and the definition of 7 (),

Vi =max{V (L), A, B} = max{V (L), A}
Vg = max {V (L), A", B'} = max {V(L), B'}
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The pertinent facts are

A>B SO da Zv+2, A < B so dp Zv+1,
ifdg <v = V=V > A ifdg <vwv = Vg=V(L)>PB,
ifdg=v+1 = Vi=A> V(L), ifdg =v+2 = Vg =B > V(L).

This provides enough information to calculate (d, V) = T(v : L, £4, ;) from the
results of the two recursive calls. There are four possibilities.

Return (d, V)
ds <v and dp <v = d= dya=dp and V:=Vu,=Vg=V(L)
dg=v+1 and dp <v = d:.= dp and Vi=Vg=V(L)
dgs<vand dp=v+2 = d .= ds and Vi=Vs=V(L)
dy=v+1and dg=v+2 = d .= v+ 1 and V := min{Vy4, Vp}

(¢c) £q < uq : From property 7, V = max {V(ﬁ), MZ+|n} .
Now set m := [ ({4 + uy)/2] and run

Call
d,Vy=Tw+1:LOm, m+1,n). (Figure 9(1))

By definition, V/ = max{V (L), A, B} where

= -1
A:=Ry,m and B:=M[ .

Furthermore,

q : D g—1
= <
Mlu_Hn l,)+1}1<1£1<n max !RI,H,][’ M(t+1)n} = maX{A, B}

Now note that if d’ < v then

V(L) = V' = max{A, B} = M |

n

and thus (d, V) = (d’, V).
If d > v we can not know V from V', but again, can halve the possible range of
t4[ly41, n]. More specifically

- Ifd=v+1

- —1
- R1v+lm =A= V/ = B = M((1m+1)n
- = eq < tq[KU-Ha I’l] < Ug
-=>UW,V)=TWw:L, L;,m).

- Ifd=v+2

=1 _ p _ _p
- M(m-i—l)n =B=V'>A= Rlv-Hm
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- =>m+1<tz[lyy,n] <n
-=WdV)=Tw:L,m+1,uy).

This provides enough information to calculate (d, V) = T (v : L, £y, £,) from the
results of the recursive call. There are three possibilities.

Return (d, V)
d <v = d,V):= d, Vv
d=v+1 = d,V):= T(w:L, €y, m)
d=v+2 = d,V):= T(v:L,m+1,ug)

By construction, when the algorithm terminates, it returns the correct answer. The
running time analysis is very similar to that of BINTI.

Let g(n) denote the time to run one 7T'est() procedure. From Lemma 23, g(n) =
O (nk> log2 n). Now set G, (m) be the worst case time required to calculate 7' (v :
L, €y, uy) whenuy, — £, < m and v = k — g. Working through the code gives

2g(n) ifg=2, m=1
Go([m/2]) + g(n) ifg =2, m> 1
G,(m) < 2G4—1(n) ifg>2,m=1
Gy([m/21) +2G4-1(n) ifg > 2, m > 1

which evaluates out to G, (n) = O(g(n) log"~! n) = O (nk?logt+! n).
We have therefore just proven

Theorem 7 For any k, the minmax regret k-sink evacuation time

min Ruax({P, ¥}) = M§,
{P.,Y}

k+1 n) time.

can be calculated in O (nk2 log

7 Conclusion and Further Directions

In this paper we derived new combinatorial properties that permitted efficiently solving
the minmax regret k-sink location problem for dynamic flows on a path with uniform
edge capacities. This provided an improved algorithm for the k = 2 case and the first
polynomial time algorithms for the k > 2 case.

As noted earlier, our analysis assumed that sinks could be placed anywhere on
an edge. An alternative model would restrict sink placement to vertices. We note
that our results, algorithms and running times will all still hold in the vertex-on-sink
model. To prove this, though, would require revisiting all the proofs and restricting
all minimums/maximums over ranges to minimums/maximums over vertices in those
ranges. This is mechanical; in many cases, such as the proof of Lemma 20, this would
involve finding the edge in which a non-vertex minimum/maximum is found and
then returning the minimum/maximum value at one of the endpoints of that edge. In
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addition, the proof of Lemma 22 explicitly used the O (n log n) algorithm from [7] to
construct @(/)‘pt(P, s) for fixed scenarios s € S*. Bhattacharya et al. [7] also assumed
that sinks could be anywhere so it would also be necessary to go modify [7]’s algorithm
in similar ways as well to work when sinks are restricted to be on vertices.

We conclude by discussing possible extensions. The normal (optimization and not
regret) version of the sink location problem is NP-Hard to solve on general graphs
even with k = 1 [24], so attempting to extend the results in this paper to general
graphs would not be possible. Chen and Golin [15] gives polynomial time algorithms
for placing k sinks on a tree to minimize evacuation time but only the k = 1 case
[9] has been solved for minmax regret with an O (nlogn) algorithm. The bottleneck
to solving the k-sink location minmax regret problem on trees is that while there is
an understanding of the structure of the worst case scenario set for trees when k = 1
there is still no good understanding of the structure when k > 1, i.e., a tree analogue
for Theorem 1.

Another extension would be, on paths, to attempt to extend the results to dynamic
flows with general capacities on the edges. More specifically, all of the prior work
quoted in Sect. 1 assumes uniform capacity, i.e., every edge having identical capacity.
A more natural problem formulation that appears in realistic dynamic flow problems
allows different edges to have different capacities. Currently, though, there still is
no polynomial time solution for solving the minmax regret problem on a dynamic
path with general edge capacities, even when k = 1. Similar to the uniform capacity
tree problem just discussed, the bottleneck in finding a solution seems to be that, for
different capacity edges on a path, even when k = 1, there is no understanding of the
combinatorial structure of the set of worst-case scenarios.

Appendix
8 The Critical Vertex Tree Data Structure

In this section we describe the CVT Data Structure of [9] and how it can be used to
implement the operations described in Lemma 11 in O (logn) time.

Let s be any fixed scenario. We start with [9]’s O (n) time construction (slightly
modified) of an O(n) space CVT for a fixed s and afterwards describe how this can
be further modified, to construct in O (n) time an extended CVT that permits queries
toany s € S*.

Assume that n + 1 is a power of 2. If not, pad path P with empty vertices on the
right (with no weights) to reach a power of 2. Also before starting, perform a O (n)
preprocessing step, calculating and storing all of the values W = le=0 w;(s). After

this step, for any a < b, the values W; b= Z};:a w; (s) can be calculated in O(1)
time. Note that, given’ x < y, the values

Wi,y = Y wils) =Wy —W;_,

X=Xj=y

5 The statement, “Given x”, will always include knowing i such that x; < x < x;4.
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Se
30
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o 0
m x

Fig. 10 The left critical-vertex of path [x’, x] is the node m at which the top equation in Definition 17 is
maximized. Intuitively, this is the last vertex at which the first supply from x’ has to stop due to congestion
when evacuating to x. The diagram illustrates two paths [x/, x] and [x, x”] and their respective critical
vertices m, m’. The main fact upon which the CVT is based is that the critical vertex of combined path
[x’, x”] must be one of m and m’

can then also be calculated in O(1) time.

Recall that @ (P, x, s) and @g(P, x, s) were defined to be the time needed to
evacuate everything to the left (resp. right) of sink x to x under scenario s. Then, from
Eq. 1,

WS (x', x;
O, x], x, $)] = max {(x —x)T+ (x—x)} RNCT)
x'<xi<x:WS(x/,x;)>0 c
Similarly, set
WS (x;, x’
Or(x', x],x',5) = max {(xi —xHt+ M} ) (50)
X <xi<x:W5(x;,x")>0 Cc
Definition 17 The left/right critical vertices of ([x’, x], s) are
W3 (x', x;
CrL(x',x],s) = arg max {(x—x,-)r~|—M},
ix/<xj<x:WS(x/,x;)>0 ¢
/ W*(x;, x)
Cr([x", x],8) := arg max xji—x)T+—777.
ix/<xi<x:WS(x;,x)>0 c

Intuitively, the critical vertex is the last location at which items starting on the
leftmost (rightmost) vertex encounter congestion. Note that if the critical vertices of
[x’, x] are known, then @ ([x’, x], x,s) and @g([x’, x], x's) can be calculated in
O (1) time. The major observation [9] upon which the CVT data structure is based is
(Fig. 10) that if x’ < x < x” then the left (right) critical vertex of [x, x”'] is either (i)
the left (right) critical vertex of [x’, x] or (ii) the left (right) critical vertex of [x, x”].
Thus the critical vertices of ([x’, x”], s) can be found in O(1) time from the critical
vertices of its two subpaths.

The data structure will require a slightly extended version of this.

Lemma24 Leti < j < k. The critical vertices of (Pjx, s) can be constructed in O(1)
time from the critical vertices of (P;j, s) and (P(j+1)k, §).
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[-Flr l'u]

['7:71—1«,-77n]

Tpo1 T

Fig. 11 The Critical Vertex Tree 7% for scenario s is a balanced tree with leaf nodes corresponding to
path vertices and internal tree nodes corresponding to the subpath spanning descendant leaves. Node u,
corresponding to subpath P (1) = [xL(u), XR(u) ] , will store the locations of the left and right critical vertices
of P(u) under scenario s

Proof First note that because (P;(;+1), s) only contains two vertices, its critical ver-
tices can be found in O(1) time.

The critical vertices of (P;(j+1),s) can be calculated in O(1) time from those of
(Pij, s) and (Pj(j+1, s). The critical vertices of (P, s) can be calculated from those
of (Pi(j+1),s) and (P(j 11k, s) in a further O(1) time. O

A critical vertex tree T for s was then defined by [9] as follows.

— T is a balanced binary tree with the vertices of P as its leaf nodes®.

— Foranodeu € T* let L(u) (resp. R(u)) denote the index of the leftmost (rightmost)
vertex on P that belongs to the subtree 7°(u) rooted at u. Node u € T°(u)
corresponds to the subpath P (1) = [xL(u), xR(u)].

— Vertex u € T* will store the critical values Cr (P (u), s) and Cr(P(u), s).

A leaf node corresponds to a single vertex path and is thus its own critical vertex. For
non-leaf u, letu; and u, denote its left and right children. Then P (u;) = [x.(u;), XR(uy) |
and P(u;) = [xL(@,), XR,)] Where R(u;) + 1 = L(u,). Lemma 24 thus permits
finding the critical vertices of P(u) from the critical vertices of P(u;) and P (u,) in
O (1) time. The entire critical vertex tree T° can therefore be constructed in O (n) time
(Fig. 11).

Because n + 1 is a power of 2, 7° may be stored implicitly in an array so that any
node u can be accessed directly in O (1) time. In addition, if u has height & then P (u)
has the form x5, X(, 4 )21 | and every path of the form [x,n, X(, 4 1)2n 1] is P (1)
for some u. In particular, for any u this permits evaluating L(x) and R(u) in O(1)
time. For u, u’, this in turn permits checking in O(1) time whether P(u) C P(u’),
P’y C P(u) or P(u) N P(u") = ¢ (these three are the only possibilities).

We now define

Definition 18 Sets™ to be the scenario with Vj, w;(s) = w;" and s~ to be the scenario
with Vj, w;(s) = wj_. The Critical Vertex Tree (CVT) Data Structure is the pair Ts"
and 7° along with Wis+, WS foralli =0,1,...,n.

6 yertex refers to a vertex of P while node refers to a node of 7.
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Fort; <t lets = s} (t1, t2) and consider T*. Note that all three trees TS+, T and
T° have the same topology and only differ in the values stored at the nodes. Let u* i

u*  and u® respectively denote the same node u in the three trees. It is straightforward
to see that

1. If R(u) < t1 or R(u) > t then the subtrees rooted at u* and u® are identical
(including their critical vertex values). Such nodes u € T* are called low nodes.

2. If 1 < L(u) < R(u) < 1p then the subtrees rooted at u*" and u® are identical
(including their critical vertex values). Such nodes u € T* are called high nodes.

3. If u € T* is neither low nor high it is called a split node. Split nodes must be one
of the O (logn) tree ancestors of x;, and/or x;,.

Given the CVT Data Structure and s = 57 (¢1, £2) this permits implicitly “constructing”
T in O (log n) time as follows. By processing the ancestors of x;, and x;, from lowest
to highest and using the preprocessed information from the CVT, the critical vertices
of the split nodes u can be calculated in O(1) time per node or O (logn) total time.
Since there are at most two such split nodes u#’s of a given height, their information
can be stored in an array permitting O (1) lookup.

The above gives an implicit construction of 7°; the critical vertex information of
any node u € T* can be retrieved in O(1) time from Tﬁ, TS or the split node
array by first determining whether it is low, high or split and then looking it up in
the appropriate array. Finally, note that W;’ values can be retrieved from the Wl:YJr and

Wif values in O(1) time. Thus, given the CVT Data Structure, after the O (logn)
construction of the split-node array, we can assume the existence of the CVT for s.
We write this as

Lemma 25 Assume the CVT Data Structure has already been built. Then for any
tH <tands = s; (t1, 1), T® can be built in O(logn) time.

Definition 19 — A node pathin P is a subpath of the form P (u) = [xv2h,X(v+l)2h_l]
where u € T*.

— Leti < j. A Tree Decomposition of P;j of size t is a sequence i — 1 = iy <
i1 <...<liy=jsuchthatfork =1,...,t, Pg) = [xi_,+1, x; ] 1s a node path.
Equivalently, it is a sequence of nodes uy, ua, ..., u; € T® such that P(uy) =
[LGur). Ruo)] = [xig_ 1. %3,

— A Minimal Tree Decomposition (MTD) of P;; is a tree decomposition of minimal
size.

Note that the MTD of P;; is unique and, for each £, contains at most two subpaths
of length 2", and thus has size O (logn). It can also easily be constructed in O (logn)
time. See Fig. 12 for an example.

Foragiven P;j and s = s3(t1, 1) let MT D[i, j, s] denote the corresponding MTD
of P;j of size t = O(logn) along with the associated three arrays L[1..t], R[1..z] and
R'[1..t] defined as follows: for 1 < k <, set
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[29, T20] [T30, T31] [232, Te3] [Tea, T127] [T128, Tass]  [Tase, T310] [T320, T327] [T328, T320]
1 2 32 64 128 64 8 1
Fig.12 The MTD for P;; withi = 29 and j = 329. The path [x;, x ;] can be decomposed into the sequence

28,29, 31, 63, 127, 255, 319, 327, 329 which corresponds to the 8 node paths shown above, where the size
of each node path is denoted below it

LIkl :=Or(P;R(uy)s XR(uy)» S) (left evacuation time from x; to XRuy ),
R[k]:= @R(PL(uk),x,. s XL@ug)» S) (right evacuation time from x; to XLy, ),
R'[k] = OR(P; Rup)» Xi» S) (right evacuation time fromeuk to x;).

Given a preconstructed CVT data structure these arrays can be filled in by first building
T* in O(logn) time using Lemma 25 and then repeated applications of Lemma 24
utilizing the critical vertex values stored at the nodes of 7.

We can now prove Lemma 11.

Proof of Lemma 11 The proof first first proves (1), then (3) and (4) and then returns to
prove (2). In what follows, the left and right children of node u# will be denoted by u;
and u,. t = O(logn) will always denote the size of the current MTD.

Lemma 11 (1) : Calculating @ (P;;, x, s) and Or(P;j, x, §).
To calculate @ (P;;, x, 5), first binary search in O (logn) time to find v such that
Xy—1 < X < xy < x;. Nextbuild MT D[i, v, s]in O(¢) time. From Lemma 15
OL(Pij, x,5) = OL(Piy, x,5) —T(xy —x) = L[t] — T(xy — x).
The calculation of ®@g(P;;, x, s) is similar (and symmetric).

Lemma 11 (3) : Constructing x” = max{x’ € [x;, x;] : OL(P',x",s) < «a}.

First build MT D[i, j, s] in O (logn) time.

If ©1(Pij, xj,s) = L[t] < « then the answer is just x” = x ;. We therefore assume
that there exists v < j such that

v=min{r : i <r < j, and Op(P;j, x;,5) > a}.

Given v, part (1) of the Lemma permits calculating @y (P;, xy, ) in O (log n) time.
From Lemma 15, for x’ € (xy—1, X1,

OL(Pij, x',s) = Op(Ppy, x',s) = Op(Piy, Xy, 5) — T(xy — x').
Thus

¥ = Xy—1 it Op(Piy, xp,5) — T(xy — Xy—1) > @,
- % (¢ — Op(P;y, Xy, 5) + Txy) otherwise.

and x” can therefore be found in O (log n) time from v. It remains to show how to find
v in O (logn) time from MT D[i, j, s].
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P N N

x; To(w)-1 ZL(w)  TR(w) PL(uy)  TR(u)

Fig. 13 Illustration of the proof of Lemma 11 (3), trying to find leftmost v satisfying @ (P;y, xp, s) > o.
It is known in advance that x, € P (u). Testing whether &1, (P;R(u;)> XR(u;)» §) = @ permits determining
whether x, € u; or xy € uy

To find v, first use O (logn) time to find the smallest k such that L[k] > «.

Use part (1) of the Lemma to check, in O (log n) time, whether @ (P}, XL (u;), §) =
«. If yes, then because R(uy—1) = L(ux) — 1, v = L(uy) and the process finishes.

Otherwise x, € P(uy).Setu := u,. We now simulate a binary search for x,, € P (u)
by walking down the subtree of 7 rooted at u, on each level deciding in O (1) time
whether to walk left or right. See Fig. 13.

To start, set P := P;(Lw-1) and from M T DIi, j, s] construct the left critical ver-
tices of P in O(logn) time. We know that

(i) xy € P(u), (i) OL(P, XL@)-1,5) < a,
(iii) O (PiRw), XR(), §) = Q. (51)

1. If P(u) is one node, then u = x,. Stop.

2. Otherwise set P’ := P; (), the concatenation of P and and P (u;). The left critical
vertices of P(u;) can be extracted from 7° in O(1) time. Lemma 24 permits
combining them with the known critical vertices of P to construct the left critical
vertices of P/ in O(1) time.

This in turn permits the calculation of @1, (P’, Xg(,), s) in O(1) time

3. fOL(P', xR, ) < &, set P:=P and u = u,.

Otherwise, keep P unchanged and set u :=u;.
4. Return to step 1

Note that R(u;) = L(u,) — 1 so after step (3), Eq. 51 remains correct for the new
value of v, regardless of whether the algorithm walks left or right.

Thus, after O (logn) decision steps, this procedure reaches a leaf of the tree and
this leaf must be x, . Since each step uses only O (1) time and the preceding parts used
only O (logn) time, the total procedure uses O (logn) time.

Lemma 11 (4) : Forx € [x;, x;], calculate j =max{;' <j : Or([x,xj], x,5) < a}.
First use O (logn) time to find v such that x, < x < xy41. From Lemma 15,

@R([x7 xj/]7 X, S) = @R(PU"g Xv, S) - ‘E(x - Xv).
Setting @’ ;= + 7(x — x,), the problem is then equivalent to finding
max{j/ S J : @R(ij/,xv, S) E a/}'
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Now build MT D[v, j, s]in O(logn) time. If R'[t] < « thenjT = j and the process
finishes.

Otherwise, in O (logn) time, find the largest index k such that R'[k] < o’.

Next use Part 1 to check in O (logn) time if O (PU(R(W)H), Xv, s) > o'

If yes, then J_ = R(uy). Otherwise X5 € uy and can be found in O (log ) time using
essentially the same binary search procedure as in (3).

Lemma 11 (2) : Calculating ® L(p; 7, ) and associated x* value.
Let

vi= min[r i <r =<j,and OL(P;j, xy,5) > @R(Pij,xv,s)}.

Then x,_; < x* < x,. If v were known we could use the techniques seen previously
to calculate both @ (P}, xy, s) and Or(P;j, xy—1, s) in O(logn) time and then use
Lemma 15 to find x* and ©! (Pij, s) in a further O(1) time.

Instead of directly finding v, we actually find the smallest v such that © (P;;, x5, s)
> Or(P;ij, Xp+1,5). Then

OL(Pij, xpq1,5) > Op(Pj, x5,5) = Op(Pj, X511, 5)
and
OL(Pij, x5-1,5) < Op(Pij, x3,5) < Or(Pij, x5-1, )

so either v = v or v = v + 1. We can then find the value of v in O (logn) time using
4 applications of part (1),

To find v, first, in O(logn) time build MT D[i, j, s]. In O(logn) time, find the
smallest k such that L[k] > R[k + 1]. Let u = ug. This implies that

OL(Pij, XRuwy» ) = Or(Pij, XRw)+1,s) and
OL(Pij, XL@w)-1,5) = Or(Pij, XLw), S)

Thus v € P(uk). Set u := up, PL = Pi(L(u)—l) and PR = P(R(L[)+1)j' PL, PR, u
satisfy

Hve P, G)Pr=Prw-n, (i) Pr=PRru+1)j (52)

We again do a simulated binary search for v. To initialize, in O (logn) time, find
the left critical vertex of P and the right critical vertex of Pg.

Ateach iterative step we will, in O (1) time, replace u by either u; or u, maintaining
the correctness of all three invariants in Eq. 52. Since u starts at height O (logn) this
process only uses O (logn) additional time (Fig. 14).

1. If u is a leaf stop and set v :=u.
2. S_et Py := P; R, (the concatenation of P, and P (u;)) and
Pg := Ppy,); (the concatenation of P(u,) and Pg).
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()

() @)

z;

TL(u)=1 T (u) TR(w) TL(u,) TRu) TR zj

Fig. 14 Illustration of the proof of Lemma 11 (2), trying to find leftmost v satisfying ©p (P;;, x5, 5) >
OR(Pij, Xij+1, ). It is known that xy € P(u). Comparing O (Pij, XR(,),s) and O (Pij, XL, )
permits determining whether x; € P(uj) or x5 € P(u,)

3. From MT D[i, j, s] find the left critical vertex of P (u;) and right critical-vertex
of P(u,) for s in O(1) time.
Use the known left critical vertex of P; and right_ critical vertex of Pr and
Lemma 24 to construct the left critical vertex of Pr and right critical vertex
of Pg in O(1) time. )
Then ca_lculate OL(PL, XR(u))> S) and Og(Pg, XL(uy)s S) in O(1) time.

4. O (PL, XRwy), S) < Or(PR, XL(,), s) set Pp:= Pg and u :=u;.
Otherwise set Py, := Py, and u :=u,.

5. Gotostep 1

O
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