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Let P be an undirected path graph of n vertices. Each edge of P has a positive length and a constant capac-
ity. Every vertex has a nonnegative supply, which is an unknown value but is known to be in a given
interval. The goal is to find a point on P to build a facility and move all vertex supplies to the facility such
that the maximum regret is minimized. The previous best algorithm solves the problem in O(nlog”n) time
and O(nlogn) space. In this paper, we present an O(nlogn) time and O(n) space algorithm, and our
approach is based on new observations and algorithmic techniques.
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1. Introduction

Facility location problems on networks have received consider-
able attention over a few decades. The problems are normally con-
cerned with networks where the information (e.g., the vertex and
the edge weights) are known precisely. However, data in practice
often involve uncertainty and may change with the time. Recently
facility locations problems in uncertain environments have been
studied, e.g., Averbakh and Bereg (2005), Averbakh and Berman
(1997, 2000a, 2000b, 2003), Bhattacharya and Kameda (2012),
Bhattacharya, Kameda, and Song (2012a, 2012b), Chen and Lin
(1998), Cheng et al. (2013), Conde (2007, 2008), Kouvelis and Yu
(1997), Puerto, Rodriguez-Chia, and Tamir (2009) and Yu, Lin,
and Wang (2008). One approach that is often used to model the
uncertainty is the worst-case analysis in which one is looking for
a solution that performs reasonably well for all possible scenarios
(where a scenario is a specific realization of all uncertain parame-
ters of the problem). There are many optimization criteria in the
worst-case analysis. In particular, the minmax regret optimization
aims at obtaining a solution that minimizes the maximum devia-
tion, over all possible scenarios, between the value of the solution
and the optimal value of the corresponding scenario, e.g., Averbakh
and Berman (1997, 2000b), Bhattacharya and Kameda (2012),
Bhattacharya et al. (2012a, 2012b), Cheng et al. (2013), Kouvelis
and Yu (1997) and Yu et al. (2008). In other words, the minmax
regret optimization seeks to minimize the worst-case loss in the
objective function value that may occur because the solution is
chosen without knowing which scenario will take place.
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In this paper, we consider the minmax regret 1-facility location
problem on uncertain path networks where the vertex weights are
uncertain. The problem was proposed recently by Cheng et al.
(2013) and an O(nlogzn) time and O(nlogn) space algorithm was
given in Cheng et al. (2013). By discovering more observations,
we present an O(nlogn) time and O(n) space algorithm in this
paper. Shortly after the preliminary version of this paper appeared
in Wang (2013), Cheng et al.’s algorithm (Cheng et al., 2013) was
independently improved to O(nlogn) time and O(nlogn) space in
their journal paper (Higashikawa et al., 2014).

As discussed in Cheng et al. (2013), the problem is motivated by
an earthquake evacuation problem due to the Tohoku-Pacific
Ocean Earthquake that happened in Japan on March 11th, 2011.
For example, suppose we have a highway that connects many cities
and we want to find a location on the highway to build an evacu-
ation facility such that when earthquake happens we can evacuate
people in all these cities to the facility as soon as possible. The
number of people in each city is uncertain due to different time
periods (e.g., weekdays, weekends, days, nights, holidays). We
formally introduce the problem below, and some notations are
borrowed from Cheng et al. (2013).

1.1. Problem definitions

Let P=(V,E) be a path graph, with the vertex set
V ={vy,...,v,} and the edge set E = {ey,...,e, 1}, such that e;
connects v; and v;,; for each 1 <i<n-1. Each edge e € E has a
positive weight I(e). Each vertex v; € V has a weight w; (e.g., the
number of evacuees), which is unknown but is known in a given
interval [w;, w;] with 0 < wi < wy. Let c be a constant represent-
ing the capacity of each edge, which is the maximum number of
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evacuees passing any point in any unit time. Let T be a positive
constant representing the time required for traversing a unit dis-
tance of every evacuee. Let X be the Cartesian product of all inter-
vals [w;,wf] for 1 <i< n. Every element s € X is called a scenario
that is a feasible assignment of weights to the vertices of P. For any
scenario s € X, for each 1 < i < n, we denote by w;(s) the weight of
the vertex v; in the scenario s, and w; < w;(s) < wy.

As in Cheng et al. (2013), we embed the path P on a real line L
(e.g., the x-axis) such that each vertex v; € V is associated with the

coordinate x; = x; + Zj;} I(ej) for each 2 < i< n. For each point
x € L, with a little abuse of notation, we also use x to denote the
coordinate of the point. We use P to denote the set of points x on
L with x; <X < x,. For any point x € P, let P (x) ={te€P |t <x}
and Pg(x) = {t € P | t > x}. Suppose we build a facility at a location
x € P. Consider any scenario s € 2. We use T,(x,s) to denote the
minimum time for the evacuees on P;(x) to move to x; similarly,
let Tr(x,s) denote the minimum time for the evacuees on Pg(x) to
move to x. Note that if x is at a vertex »; € V, then we assume
the evacuees at »; can complete evacuation in no time. As dis-
cussed in Cheng et al. (2013), by Kamiyama, Katoh, and Takizawa
(2006), T (x,s) and Tg(x,s) can be expressed as follows.

-l i
Ti(x,s) = 0?2%{(""“') T+ {E';WJ(S)} - 1}7

Tr(x,8) = yrirelpaké){(x,- —X) T+ &-}Zn;wj(s)w - 1}.

Note that if P (x) = 0, T.(x,s) = 0, and if Pg(x) = 0, Tr(x,s) = 0.

As in Cheng et al. (2013) and Higashikawa et al. (2014), in this
paper we consider the case where ¢ = 1. We should point out that
Cheng et al. (2013) claimed that any algorithm works for c = 1 can
also work for any other values of ¢ (our preliminary version (Wang,
2013) cited their claim). However, it was found that the claim was
not correct (Higashikawa et al., 2014), and therefore, their algo-
rithms (Cheng et al., 2013; Higashikawa et al., 2014) only work
for the case c = 1 and so does the algorithm in this paper.

But we can ignore the —1 from the above formulas when
designing the algorithm. Hence, as in Cheng et al. (2013), we sim-
ply use the following definitions for T;(x,s) and Tg(x,s).

T.(x,s) = max {(x —X) T+ iwj(s)},
j=1

V;i€P(X)

Tr(x,s) = max {(x,- —-X) T+ zn:wj(s)}.
j=i

vi€PR(X)

As in Cheng et al. (2013), for convenience of discussion, for each
1 <i<n, we define a function fj(x,s) on x > x and a function
fi(s,x) on x < x; as follows.

f[f(x7 S) = (X _Xi) T+ ZWJ(S)
=

fix,s) = (X — %) - T+ zn:wj(s).
=

Hence, we have Ti(x,5)= maxyep,ufi(x.s) and Tg(x,s)=
MaXy,ep, ofi (X S)-

Let T(x,s) denote the minimum time for all evacuees on P to
move to x. Thus, T(x,s) = max{T;(x,s), Tr(x,s)}. Denote by X (s)
a point on P such that T(x,s) is minimized when x = X,,(s), and
one may consider X, (s) as an optimal location for the scenario s.
For any point x on L, let R(x,s) = T(x,s) — T(Xqp:(S),s), and we call
R(x,s) the regret of x in the scenario s. Intuitively, R(x,s) is the
regret (i.e., the opportunity loss) caused by choosing the location
x instead of the optimal location x,p (s). Finally, the maximum regret

of x is defined as R (X) = maXscxR(X,s). In other words, Rpax(X) is
the worst-case opportunity loss for choosing the location x.

Our minmax regret problem is to choose a location x on L such
that the maximum regret Rpq(x) is minimized, and the minimized
Rimax(X) is called the minmax regret.

1.2. Our approach

In this paper we present an algorithm of O(nlogn) time and
O(n) space for the problem, which improves the O(nlog’n) time
and O(nlogn) space algorithm (Cheng et al., 2013).

Our algorithm makes use of the critical observation given in
Cheng et al. (2013) that there are a set S of 2n scenarios such that
for any point x on L, the “worst-case” scenario for Ry (X) must be
in S. This implies that instead of considering the infinitely many
scenarios of X for computing R (x), we only need to consider
the scenarios in S. The algorithm has two main steps. The first step
is to compute the optimal positions for all scenarios in S. An
O(nlogzn) time algorithm is given in Cheng et al. (2013) for the
step. By finding new properties on the optimal solutions of these
scenarios, we are able to compute all optimal solutions in
O(nlogn) time by an even simpler algorithm. The second step is
to compute the minmax regret. This step also takes O(nlog2 n) time
in Cheng et al. (2013). Our algorithm runs in O(nlogn) time and
O(n) space. The high level scheme of our approach is binary search,
whose efficiency hinges on solving the following sub-problem in
linear time: Given any point x on L, compute the values T;(x,s)
and Tg(x,s) for all scenarios s € S. A straightforward method can
compute T;(x,s) and Tg(x,s) in O(n) time for each scenario s, and
thus solves the sub-problem in O(n?) time. By discovering some
interesting observations, we present an O(n) time algorithm for
the sub-problem. It should be noted that our algorithm itself is
very simple but it is more challenging to observe the crucial
properties behind the scene.

In the following, we discuss some basic observations in
Section 2. In Section 3, we compute the optimal locations for all
scenarios in S. Section 4 computes the minmax regret. Section 5
concludes the paper and discusses some possible future work.

2. Preliminaries

We discuss some observations that will be useful for our algo-
rithm. Most of these observations have been discovered in Cheng
et al. (2013) and we sketch them in this section for completeness
of this paper.

Our goal is to find a location x to minimize the maximum regret
Rinax(X) = maxssR(x, s). Consider any point x on P and any scenario
s € X. To compute R(x, s), we need to known X, (s) first. Recall that
Xopt(S) is the value of x such that T(x,s) = max{T.(x,s), Tr(x,s)} is
minimized when x = Xq,(s). To determine x,p(s), we discuss some
properties of T;(x,s) and Tg(x,s).

Recall that T;(x,s) = maXyep,wfi(x,5). For each 1 <i<n, the
function f}(x,s) defines in the plane an open half-line of slope T with
(but excluding) the (left) endpoint (x;, Z}lej(s)) (e.g., see Fig. 1).
T.(x,s) is the upper envelope of the n half-lines defined by the func-
tions fj(x,s) fori = 1,...,n. Since T > 0, T,(x,s) is a strictly increas-
ing function of x (e.g., see Fig. 1). Similarly, each fi(x,s) defines an
open half-line of slope —7 with (but excluding) the (right) endpoint
(xi,z}’:iwj(s)), and Tg(x,s) is the corresponding upper envelope,
which is strictly decreasing. Since T(x,s) = max{T.(x,s), Tr(x,s)},
T(x,s) is a unimodal function of x in the sense that there exists a
value x* such that T(x,s) is strictly decreasing on (—oco,x*] and
increasing on [x*, +o0) (e.g., see Fig. 2). Note that the above x* is
Xopt(S). These properties are already given in Cheng et al. (2013).
We also have the following observation.
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Fig. 1. Illustrating the functions f(x,s). T.(x,s) is the upper envelope of them,
shown with red color. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

Observation 1. For any scenario s € X, T(x,s) is the upper envelope
of the functions f}(x,s) and fi(x,s) fori=1,...,n

For any point x, to compute the maximum regret Rpnq(x), a
straightforward approach is to enumerate all scenarios in X to
compute R(x,s) for every scenario s € . However, since there are
infinitely many scenarios in X, the approach does not work. Below,
we use a difference approach.

A scenario s is the worst-case scenario for the location x if
Rmax(X) = R(x,s), and we denote it by s(x). Clearly, if we know
s(x), then we can compute Rya(X) = R(X,s(x)). Cheng et al. (2013)
provided a way to determine a set S of at most 2n scenarios such
that s(x) must be in S for any x, as follows.

For each 1 < i < n, letsi be the scenario where the weight w;(st)
of the vertex v; is w; for each j with 1 <j < i, and w;(s}) = w; for
each jwithi+ 1 <j<nifi<n Symmetrically, foreach 1 <i<n,
let s be the scenario where wj(sy) = w; for each j with 1 <j <,
and wj(sy) =w; for each j with i+1<j<n if i<n Let
So={si |1<i<n} and Sg={si | 1 <i<n}. Let $=S,US. The
following lemma has been proved in Cheng et al. (2013).

Lemma 1 Cheng et al. (2013). For any point x on L, there exists a
worst-case scenario for x in S.

In light of Lemma 1, we have Rpq(X) = maxssR(x,s). Hence, to
compute Ry (X), instead of considering all scenarios of X, we only
need to consider the 2n scenarios in S. For each s € S, to compute
R(x,s), we need to know the optimal location X, (s). Cheng et al.
(2013) presented an O(nlogzn) time algorithm for computing
Xopte(s) for all scenarios s € S, and in Section 3 we describe an
O(nlogn) time algorithm.

3. Computing the optimal solutions for the scenarios of S
In this section, we present an O(nlogn) time and O(n) space

algorithm for computing X,y (s) for all scenarios se S, which
improves the O(nlogzn) time algorithm in Cheng et al. (2013).

/

X X*=X0pt(s) Xn

Fig. 2. Illustrating the function T(x,s) shown with thick segments and the optimal
location Xop(S).

Our improvement is due in a large part to certain monotonicity
properties of the values X,y (s) given in Lemma 2.

<n-1,
othermse,

Lemma 2. For any two scenarios s; and sl” of Sy with 1 <
if X1 < xop[(sL) then x4 < xopt(sL ) < Xope (si);
Xopt (S}) < Xope(S"!) < Xiy1.

Proof. We only prove the case where X;,1 < Xop (s‘L) since the proof
for the other case where X;.; > Xop (s}) is very similar.

According to the definitions of the two scenarios s; and si*?, for
each vertex v, if j # i + 1, the weights of #; in the two scenarios are
the same, but for the vertex v; 1, w1 (s}) = wj,; and w;q (si'!) =

wi . Xopt (SEF1) holds.
Below, we prove Xop (sL ) < Xopt(st). To this end, it is sufficient to
show that T (x,si*1) > Tr(x,si") for any x > Xopc (). The details
are given below.

Consider any value x > Xop; (s'L) Since Ty (x,s) is strictly increas-
ing and T(x, s) is strictly decreasing for any scenario s, according to
the definition of Xop(s}), we have Ty (x,s) > Tr(X.s}).

According to the definitions of si and si*!, fl(¢,si1) >
for any j>i+1 and any t>Xx; (more precisely, ff (t, s’“)
fesh) +wi, —wi,), and fi(t,sih) =f(t,s)) for any j<
any t > x; (e.g., see Fig. 3). Due t0 X > Xop;(s}) > x;,1, we obtain
Ti(x, i) = To(x,s)).

Similarly, f}(t,si*") > fi(t,s}) foranyj < i+ 1andanyt < x;,and
fi(t,sit) = fi(t,s}) forany j > i+ 2 and any t < x; (e.g., see Fig. 3).
Since X > Xope (Si) > X;,1, none of the functions f} (¢,si™!) forj <i+ 1
is defined on ¢ = x. Therefore, we obtain T (x,si™") = Tg(x,s}).

The above shows that T (x,s}) > Tg(x,s}), T (x,s51) > Ti(x.s}),
and  Tg(x,si') =Tg(x,s)). Hence, we conclude that
Ti(x,si1) > Tr(x,sit1). O

Lemma 2 implies the following monotonicity property of
Xopt (S}). Suppose initially x; < Xop(S}); as the index i increases,
Xopt(S}) moves monotonically “backward” to the left until at some
moment X;.1 > Xop (s}) happens, after which x,,(s) moves mono-
tonically “forward” to the right. This monotonicity property turns
out to be quite useful to our algorithm.

Similarly, we have the following lemma for Sk, which implies a
monotonicity property of X,y (s;) (the indices are considered from
right to left).

By Corollary 1 in Cheng et al. (2013), x;;1 <

> fl(t,s})

i and

<n-1,
othermse,

Lemma 3. For any two scenarios s and SF] of S with 1 <
if X < Xopt (sk l)., then X > Xopt(Sh) = Xopt(S¥1);
Xopt (SK') = Xopt (k) = %ie

Proof. The proof is symmetric to that for Lemma 2 by considering
the indices from right to left, and we omit the details. O

¢ Xop[(s * 1)

Fig. 3. lllustrating Ty (x,s), Tr(x,s}), To(x,s"), and Tg(x,s). To(x,si!) (resp.,
Tr(x,si1)) can be obtained by shifting a portion of Ty (x,s}) (resp., Tr(x.s})) on the
right (resp., left) of x;,; upwards for w;; —w;;.



H. Wang/European Journal of Operational Research 239 (2014) 636-643 639

Based on Lemmas 2 and 3, we present our algorithm for com-
puting X (s) for all s € S as follows. We first compute X,p:(s) for
all s € S;, by using Lemma 2.

Our algorithm will compute X, (sj) in the index order
i=1,2,...,n. We assume we already have a data structure D that
can compute the values T, (x,s) and Tg(x,s) whenever needed for
any xand s € S;. Initially, to determine X,y (s} ), we compute the val-
ues T, (x,s}) and Tg(x,s]) for x = x1,x,,. .. in the (forward) order to
find the smallest index i; such that T (x;,s]) > Tg(x;,S]). As
discussed in Cheng et al. (2013), Xop(S}) € [xi,—1,%;,] and can be
determined in constant time. Next, we compute X,p (xf) Assume
X3 < Xope (X). By Lemma 2, X3 < Xop (X7) < Xope(X]), we only need to
search the portions of T;(x,s7) and Tg(x,s?) for x, <X < Xope(s]).
To this end, we compute the values T, (x,s?) and Tg(x,s?) by using
D for x = x;,, X, 1, . .. in the (backward) order to find the first index
i such that Ty(x;,,s?) > Tr(x;,,s?) and T;(x;,_1,57) < Tr(Xi—1,5?).
As discussed in Cheng et al. (2013), Xop (S7) € [Xi,-1,%;,] and can be
determined in constant time,

In general, assume Xqp (s’L) has been computed and xj,1 <

Xopt (s’L) Further, assume X, (si) is known in the interval [xij,l ,xij].
To compute Xp (s{”), by Lemma 2, we have X1 < Xop (s{”)

< Xopt (s’L) We compute the values T, (x, s{“) and T (x, s{“) by D
for x = x;,%;_1,... in the (backward) order to find the first index

. j+1 j+1 j+1
i1 such that TL<><,-JYH,SJL+ ) > TR<X,-M,SJ,_+) and Ti(X;,, 1,5)

< Tr(xy,,-1,5]"). Again, Xop (s{”) € [x,.,-1,%;,,] and can be deter-
mined in constant time.

We continue the same procedure until the first time we have
computed Xop (sf) With Xope (s¥) < Xi11 for an index k. We also have
the interval [x,_;,x;] that contains X, (sf). By Lemma 2,
Xope (SK) < Xope (SK*1) < Xk41. Hence, to compute X (s5*1), we need
to search the portions of T;(x,sf*1) and Tg(x,sk1) for xop (sf) < x.
To this end, we compute the values T;(x,sf*') and Tg(x,s¢") by
D for x = x;,_1,X;,, ... in the (forward) order to find the first index
i1 such that Ty (x;,.,,s5") > Tr(xi.,,s5") and To(x;,,-1,557") <
Tr(Xi,.,—1,5571). Again, Xop(SE') € [x;,,-1,%;,,,] and can be deter-
mined in constant time. Next, we compute X (s’L<+ 2). We have
the following observation.

Observation 2. X (s’L<+ 1) < Xp42 holds.

Proof. By Lemma 2, we have Xop(sf) < Xope(S}™!) < Xk41. Due to
Xki1 < Xiy2, the observation simply follows. O

Due to the above observation, we can compute X, (s’[*z) in the
similar way as X (s’L‘”). We continue this procedure to compute

xopt(st) for j=k-+2,k+3,...,n. Note that similar observation as

Observation 2 always holds (i.e., Xop(s]) < X1 for any j with
k+1 <j<n-1). The algorithm stops when x,p(s]') is computed.

To analyze the running time, suppose any needed values T, (x,s)
and Tk(x,s) in the above algorithm can be computed in O(Tp) time
by using the data structure D; then we have the following lemma.

Lemma 4. The values Xqy(s) for all scenarios s € Sy can be computed
in O(n-Tp) time.

Proof. It is sufficient to show that the number of calls to D is O(n)
in the entire algorithm.

We still use k to denote the smallest index with Xop (s¥) < Xy11.
By the monotonicity property in Lemma 2, Xop (le) is moving

monotonically to the left for i =1,2,...,k, and Xop(s}) is moving
monotonically to the right for i=k+1,k+2,...,n. When we
compute Xop (s}) fori = 1,...,k, the x values for computing T; (x,s})
and Tg(x, s‘L) are monotone decreasing. Therefore, when computing
the values xop¢ (si)'s fori=1,...,k, the total number of calls on D is
O(n). Analogously, when computing the values Xqp (si)’s for
i=k+1,...,n, the total number of calls on D is also O(n). The
lemma thus follows. O

It remains to design the data structure D, which is given in the
following lemma.

Lemma 5. InO(n) time and O(n) space, we can build a data structure D
that can compute in O(log n) time (i.e., Tp = O(logn)) any value T (x, s)
or Tr(x,s) needed in our algorithm for computing X,p:(s) for all s € S;.

Proof. With O(nlogn) time preprocessing, Cheng et al. (2013) pro-
pose a data structure that can compute T, (x,s) and Tg(x,s) for any x
and s € S; in O(logn) time, by using persistent data structures
(Driscoll, Sarnak, Sleator, & Tarjan, 1989). Below, we give a simple
solution with only O(n) preprocessing time, without using the per-
sistent data structures.

We first discuss an observation on our algorithm that makes the
design of our data structure easier. In our algorithm for computing
Xope(s) for all s €S;, when we are computing X (si), for any
1<i<n, we need to compute T;(x,s}) and Tg(x,s}) for certain
values of x. After xopt(si) is computed, we will never need to
compute T, (x,s}) and Tg(x,s}) for the scenario si again. Note that
the corresponding algorithm in Cheng et al. (2013) does not have
such a property.

Our data structure D has two parts D; and Dg. D; is for
computing T, (x,s) and Dy is for computing Tr(x, s). Below, we only
discuss Dy since Dg is very similar.

Dy consists of a sequence of trees D! fori=1,2,...,n, where D
is used for computing Ty (x,s}) for any x. Thanks to the observation
discussed above, at any moment during the algorithm, we only
need to maintain one tree in the above sequence (in contrast,
because the corresponding algorithm in Cheng et al. (2013) does
not have such a property, they have to maintain all these trees in a
persistent data structure). Specifically, initially we construct the
tree D}. Then, for each 1 <i<n—1, the tree Di'! is obtained by
updating the tree D! in O(log n) time (D} is thus destroyed). Below,
we first describe the tree D] and then show how to update D} to
obtain Df. The tree is similar to that given in Cheng et al. (2013)
(without being made persistent). We briefly discuss it here to make
the paper self-contained.

We first discuss some observations on how to compute T;(x,s).
Consider any scenario s and any value x with x;_; <x <x; for
certain j. Recall that the functions f (x,s),f2(x,s),....f ' (x,s) are
defined on x while f{(x, s),f{“(x, s),....fl'(x,s) are not, and
Ty (X,5) = MaXi<gj-1f{ (X,5). Also recall that ff(x,s) = (x—x)-T+
S h_1wn(s). Hence, we can obtain the following Ty(x,s) =X - T+
MmaXi<egj-1 (ChotWh(S) = X - T).

Dz is a balanced binary search tree in which the leaves of D;
from left to right store the values > _wy(s}) —x. -7 for
t=1,2,...,n. For each 1<t<n, let a = Zzﬂwh(s}) — X T,
which is stored in the t-th leaf. For each node v (either a leaf or
an internal node), it also stores a value max(»), which is equal to
the maximum value stored in the leaves of the subtree rooted at v.
The tree D} can be easily constructed in O(n) time in a bottom-up
manner. Given any value x =x;,T;(x,s}) can be computed in
O(logn) time, as follows. According to our above discussion, we
have Ty (x;,s}) = X; - T + MaX;<c<j_10:. With standard techniques, by
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following the path P; in D} from the root to the j-th leaf, we find a
minimum set V of nodes whose subtrees contain the leaves exactly
from the first leaf to the (j — 1)-th one. Specifically, V = {v | v ¢ P
and v is the left child of a node in P;} (e.g., see Fig. 4). Clearly,
|[V] = O(logn) and can be found in O(logn) time. An easy observa-
tion is that the largest value max(v) among all nodes v €V is
exactly max;<j 1a;. Hence, T;(x;,s}) is equal to x; -7 plus the
above largest value max(v) of v e V. Thus, we can compute
Ty (x;,s}) in O(logn) time.

Next, we show how to update D} in O(logn) time to obtain the
tree D, which is for computing T (x,s?) for the scenario s7.
According to the definitions of the two scenarios s} and s?,
comparing with s}, the weight of the vertex » in s? increases by
w;y — w; while the weights of all other vertices are the same. Hence,
all the values Y7}, wy(s}) —x; -7 for t =2,3,...,n stored in the
leaves of D] except the leftmost leaf should increase by wi — ws.
We cannot afford to change each of these values explicitly since that
would need Q(n) time. To obtain an O(logn) time performance, we
use the following approach. For each node vin the tree, we maintain
an additional value, called the supplement value and denoted by
sup(v). In D}, sup(v) = 0 for each node z. Hence, in D}, for any
1<t<n, it holds that a;+3,.psup(v) =3} Wi(s) —Xc- T,
where P; is the path from the root of Dl to the t-th leaf.

We update D} to obtain D? in the following way. Let P, be the
path from the root of D] to the second leaf. First, for the second leaf
v, we increase sup(v) by w3 — w;. Then, for each node v that is not
in P, but is a right child of a node of P,, we increase sup(v) by
wj — w;. Note that the above can be done in O(logn) time. Now
consider the t-th leaf of the new tree, for any 1 <t < n, and let P;
be the path from the root to the leaf. It is easy to see that
At + 3 ep SUP(V) = Y4 Wi (57) — X¢ - T. In other words, if we fol-
low P; from the root to aggregate the supplement value sup(v),
once we arrive the t-th leaf, we have the value S,_ wy,(s7) — ¢ - T
ready. Next, we update the values max(v) for certain nodes v as
follows. If a node v has a child whose supplement value has been
increased above (note that v is necessarily on P,), then its max(v)
may also need to be updated. To this end, for each internal node
v € P,, we simply set max(v) to be max{max(u) + sup(u), max(w)
+sup(w)}, where u and w are the two children of ». Note that we do
not need to update the max value of the second leaf. This finishes
our update on D} and the new tree is D7. Clearly, D? can be
obtained in O(logn) time.

Consider any internal node u on Df and suppose the leftmost
(resp., rightmost) leaf in the subtree rooted at v is the [-th (resp.,
r-th) leaf. Let P, be the path from the root to the node u. Based on
our construction, max{>}_,w (s?) —x-T|l<t<r} is exactly
equal to the value max(u) + >_,.p, sup(v). Hence, given any x = x;,
by using Df, we can compute the value Ty (x,s?) in a similar way as
before, and the only difference is that we need to aggregate the
supplement values sup(v) during traversing the tree from the root.

J

Fig. 4. The set V consists of the two circled nodes.

Specifically, to compute Ty (x,s?) for any x = x;, let P; be the path of
D? from the root to the j-th leaf. We start from the root and
traverse the path P; to the j-th leaf. During the traversal, consider
any node v € P;. We maintain a value A(»), which is equal to sup(v)
if vis the root and A(v.parent) + sup(v) otherwise (where v.parent
is the parent of vin P;). If v has a left child u that is not in P;, we let
the value max(u) + sup(u) + A(v) be in a set M (M = ( initially). If v
is the j-th leaf, then we put the value A(v) + max(v) in M and finish
the traversal. After the traversal, M has O(logn) values, and the
maximum value of M is equal to max{3>j ;wu(s?) —x.-7 |1
<t <j—1}. Therefore, T;(x;,s?) is equal to the maximum value
of M plus x; - 7. Hence, T (x;,s?) can be computed in O(logn) time.

Similarly, we can obtain the tree D; by updating D? in O(logn)
time. In general, for any 1 <i < n -1, if we already have the tree
Di, we can obtain Di*! in O(log n) time by updating D} such that we
can compute T; (x,si1) for any x = x; in O(logn) time.

The lemma thus follows. O

Combining Lemmas 4 and 5, the values x,p(s) for all scenarios
s € S, can be computed in O(nlogn) time. Using the similar algo-
rithm and Lemma 3, we can also compute the values X,y (s) for
all scenarios s € Sg in O(nlogn) time. We conclude this section with
the following theorem.

Theorem 1. The values xqp(s) and T(Xopt(s),s) for all scenarios
s €S =S5, USg can be computed in O(nlogn) time and O(n) space.

4. Computing the minmax regret

Our goal is to determine an optimal location x* such that
Rmax(X) = maXscxR(x,s) is minimized at x =x*, where R(x,s) =
T(x,s) — T(Xopt(S),5). Again, by Lemma 1, Rpa(X) = maxssR(x,S),
which also implies that Ry (x) is the upper envelope of the func-
tions R(x,s) for all s € S.

Consider any scenario s. Since T (Xop(S), ) is a constant value and
T(x,s) is a unimodal function, R(x,s) is also a unimodal function.
Therefore, Ryqx(X) is the upper envelope of a set of unimodal func-
tions, which is also unimodal. To determine an optimal solution x*,
it is sufficient to determine the lowest point of the unimodal func-
tion Rpax(x). Due to the unimodality of Ry (X), we will use binary
search to find its lowest point.

The high-level scheme of our algorithm for finding x* is a binary
search on the values x;,x;,...,X,. For each value x, considered in
the binary search, we compute the value Ry (). To this end, we
present an O(n) time algorithm in Section 4.1 that can compute
the values T, (x',s) and Tr(x,s) for all s € S, for any ¥/, after which
we can determine the value R4 (X') in additional O(n) time since
we already know the values T (X, (S),s) for all s € S by Theorem 1.
Based on the function that gives the value Ryq(Xx), we can also
determine which direction to do binary search in a standard way
(Megiddo, 1983, 1984). The binary search will end up with either
x* = x; for some x; or an interval (x;,x;,1) such that x* € (x;,Xi1).
In the latter case, we finally determine x* in additional O(n) time
by linear programming (Megiddo, 1983, 1984) as follows. Note that
for any scenario s, the value T, (x,s) for x € (x;,X;,1) are given by the
same function f[(x, s) for some j, and similar observation holds for
Tr(x,s). We find the functions giving the values in the interval
(%i,%i11) for T (x,s1), Tr(x,s%), To(x,sk), and Tr(x,sh), fori=1,...,n.
This can be done in O(n) time by the same algorithm in Section 4.1.
Denote by F the O(n) functions computed above. Hence, x* is the
x-coordinate of the lowest point p* of the upper envelope of the
functions in F. Note that every function of F defines a half-line that
spans the interval (x;,x;.1). Hence, although each function of F is a
half-line, p* is also the lowest point of the upper envelope of the
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lines that contain the half-lines of F, and thus p* can be computed
in O(n) time by linear programming (Megiddo, 1983, 1984).

4.1. A linear time algorithm for computing T(x',s) foralls € S

In this section, we present an O(n) time algorithm for computing
T(x',s) for all s € S, for any x'. In other words, our goal is to compute
the values T, (x',s}), Tr(x', 5} ), To (X', St), and T (x',sk), fori=1,... ,n.
We only discuss our algorithm for computing T,(x',si) for
i=1,...,n since the algorithms for the other three cases are quite
similar. Further, for each 1 <i < n, the functionf{(x’,si) that gives
the value T, (x',s}) is also determined by the algorithm.

For any 1 <i<j<n, we define a(i,j) =>7_;(wy —wy). After
O(n) time preprocessing, given any i and j with 1 <i <j<n, we
can obtain the value o(i,j) in constant time. We omit the prepro-
cessing details and below we assume we have done the prepro-
cessing. For convenience, we let o(i,j) = 0 if i > j.

Let X' be any value with x; < X' < x,. We first determine the
index i such that x;_; < X’ < x;. Thus, for any scenario s, only func-
tions ff(x',s) with 1 < t <i—1 are defined on x = X, and any func-
tion ff(x,s) with i <t < n does not define on x = x'. We compute
the value T, (x, s} ), which can be done in O(n) time, e.g., by comput-
ingf[(x@s}) for each jwith 1 <j<i—1.

Let k be the index such that T, (x',s]) is given by the function
fE(x,st), eg. Tu(x',s}) =fF(x,s}). Hence, k <i— 1. The following
lemma will be useful later.

Lemma 6. Consider a function ff(x,s) and a scenario s’L If
1<tj<i—1, then f[(x’,s{) =fi(x,s}) +o(2,m) with m=

min{t,j}. This implies f{ (x',st) = ft (x’,s{) ife<j<i-1.

Proof. Consider any t and j with 1 < t,j <i— 1. First of all, since
Xi1 <X <x,t<i-1, and j<i-1, both functions ff(x,s!) and
ft (x,s{) are defined on x =x'. Comparing with the scenario s},
the weight of each vertex v, for 2 < h <j increase by w; —w;, in
the scenario s}, and the weights of all other vertices are the same
as before. According to their definitions, we obtain that

fi(x,sh) :f[(x’,s{) +a(2,t) if t<j, and ff(x,s}) :f[(x’.,s’i)+
o(2,j) if t > j. The lemma thus follows. 0O

With the value T, (x’,s}), the following lemma shows how to
compute T, (x’,si) for2 <j<k.

Lemma 7.If k> 2, for any scenario s{

) with 2<j<k,
T. (x’,s’L) =TL(x',s}) +a(2,)).

Proof. Assume k > 2. Consider any scenario s{ with 2 <j < k. We
first prove a claim that f* (xﬁs{) > ft <x’,s{) forany 1<t<i-1.

Due to T (', s}) = ff(x',s}), it holds that f} (x',s}) > ff(x',s}) for
any 1 <t <i-1. Consider any t with 1 <t <i— 1. By Lemma 6,

we have ff (x ,s’L) =ff(x',s}) + o(2,m), where m = min{j, t}. Since
j<k, fL"(x’,s’L) =fk(x',s}) +a(2,j) holds by Lemma 6. Clearly,
®(2,j) = a(2,m) > 0 due to m <j. Therefore, we obtain that
,_"(X’ Sj> >ft(x/ Sj)

The above claim implies that TL<X s’) L"(x s’) Since
L"(x s’) =fkx,s})+a(2,j) by Lemma 6 and T.(x,s})=

fk(x',s}), the lemma follows. O

Suppose the value T, (x',si"!) has already been computed; the
following lemma shows how to obtain T; (x’,si) fori<j<n

Lemma 8. For any scenario s’L withi<j<n T, (x’.,s’i) =T (x’,sfl).

Proof. Recall that for any scenario s only the functions f}(x,s) with
1<t<i-1 are defined on x = x. Consider any scenario s, with
i <j < n. Comparing with si-!, the weight of each vertex v, in si
increases by w;” — w; for any i < t <j, and all other vertex weights
do not change. Smce the above vertex weight increase only affect
the functions f[(x., SJL) for t > i and none of these functions is

defined on x = x/, the value T;(x',s) does not change for s =si!
and s = s/. A more formal proof is given below.

Let k' be the index such that the value T;(x',si~!) is given by
fE(, s, ie, To(x,si) = f¥ (x,si1). Note that k' <
fE(x,si1) = ff(x,si ") forany 1 < t < i— 1. In the scenario s}, the
weights of the vertices v, for 1 < t <i— 1 are the same as those in
si-1. Therefore, f}(x',si1) = ff (x’,s{) for any 1<t <i- 1. Thus,
f¥ (x’,s{) sz(x’,sD for any 1<t<i—1.
T (x/,s{) —f¥ (x@s{). Due to f¥ <x’7s{> =f¥(x,si")  and
T (X,si) = fK (¥',si71), we have T, <x’,sfi> =Ty (x,si1). O

Based on the preceding two lemmas, we can easily compute
T, (x’,s{) for j =2
j=1i,...,nin O(n) time provided that we know the value T (x', s !).

It remains to compute T (x',s}) for t =k +1,...,i— 1, for which
we present an O(n) time algorithm below. Note that our algorithm
itself is simple (see the pseudocode Algorithm 1), but it is not easy
to discover the observations behind the scene. Our algorithm will

compute a solution index list K = {kq,k,, ..., ks} with the following
properties:

< i- 1. Hence,

We obtain that

.,k in O(n) time, and compute T, (x’,s{) for

Property 1. ki =kand k; <k, <---<kg<i—1.

Property 2. For any j with 1 <j<d -1, ka’ (xﬁs’;f) <ka1'” (x’,s’zf“>
andekf (x,s}) >ff"‘ (x',s)).

Property 3. For any jwith1 <j<d -1, for any t with k; <t < k.1,
either ff(x',s}) gkaf (x’,s’f) or ff(x',s}) < k”‘ (x,s}). If ka#i-1,
<P LAt < S (xst).

If we already have such a solution index list K, the lemma below

provides a way to compute the values T, (x',s{) fork+1 <t <i—1
in O(n) time.

then for any t with kq < t

Lemma 9. For any scenario s} with k+ 1 < 1, ifkj <t < kjiq
forsome 1 <j<d-1,thenT,(x,s}) = max {fL (x st), fo (x’.,si)};

if kg #1i—1and ky < t, then T (¥, s}) = f* (x',s).

Proof. Consider any scenario s; with k+ 1 <t <i— 1. Recall that
T, (¥, s}) = MaXicmeio1f™ (X', sf). To simplify the notation, we use
fm(s*) to represent f/" (x',st). Hence, T (X',s}) = maXj<mei—1f™(s").
We assume t < k; since the case t > k; can be proved in a much
simpler way by the same techniques. Let j be the integer such that
ki <t <ki1. To prove the lemma, it is sufficient to show that
max{fki(s), fl (s)} = fm(st) for any m with 1 < m < i— 1. To this
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end, there are three cases depending on the value of m:1<m
< kj, ki <m < kjq,and k. < m <i— 1.Below, ineach case, we will
show that either f™(st) < f%(st) or fm(s') < fk+ (s') holds.

First of all, due to k; < t and by Lemma 6, the following holds

F(st) = f(s9). (1)

1. If 1 <m < k;, we assume k, < m < k1 for some h < j. Note that
m < t holds in this case. See Fig. 5. By Lemma 6, we have
fm(s') =f™(s"). By Property 3 of the solution index list K, we
have either fm(s™) < fk (sk) or fm(s') < frue1(s?).

(a) If fm(s™) < fku(sk), then by Property 2 of K, since h < j, we
can obtain fku(skn) < fkre (skir) < ... < f%(sk). Thus, we have
fm(st) =fm(s™) < f(s). Since fY(s*) = f(s%) by Eq. (1), we
obtain fm(st) < fi(st).

(b) If fm(s') < fn1(s?), then since m <ky, we have
frs™) =fm(s") +o(2,m) and fiur(s™) = fler(sh) +a(2,m),
and thus fm(s™) < fk1(s™). Note that frn1(s™) < frur (skni ),
Further, due to ky,; < k;,f*1(s*1) < f%(s%) holds by Prop-
erty 2 of K. Recall that f™(s*) = f™(sI"). Hence, we obtain
fr(st) = fm(sy) < fl(s4) = fh(s') by Eq. (1)

2. If kj < m < k;;1, then by Property 3 of K, either f™(s™) < f*i(s%)
or fm(st) < fo1(s).

(a) If fm(s™) < fki(s%), then since fm(s") < f™(s™) always holds
by Lemma 6 regardless of whether m < t or m > t, we have
fr(st) < fl(sh) = fh(s) by Eq. (1).

(b) If fm(s') < fl+1(s'), then since t<kj;, we have
fhini(st) = fhia(s') + a(2,t) by Lemma 6. Also, fm(s) =
fm(s") + (2, min{t,m}).  Since  fm(s') < fb1(s')  and
o(2, min{t,m}) < o(2,t), we have fm(st) < fkii (st).

3.1If k1 <m<i-1, for simplicity of discussion, we assume
m < kg and the case m > kq can be proved very similarly but
in a much simpler way. Let k, < m < k., for some h > j. Note
that t < ki1 < ky < m. See Fig. 6.

First of all, we claim that f™(s’) < f*(st). We prove the claim
below.

Indeed, by Lemma 6, we can obtain f™(s™) = f™(s") + o(t + 1,m)

and f*n (skn) = fkn(st) + ot(t + 1, ky). According to Property 3 of K,

either fm(s™) < fkun(sk) or fm(s') < flu (s1).

(a) Iffm(s™) < fkn(sk), then since a(t + 1,m) > o(t + 1,ky) (due
to k, < m), we obtain f™(st) < fk(st).

(b) If fm(s') < fla1(s!), then by Property 2 of K,
fkua(s1) < fru(s'). Thus, we obtain fm(s') < f*(s'). Due to
t<kp<m, we have fm(s)=fm(s")+a(2,t) and
fru(st) = frn(s?) + a(2,t). Hence, f™(st) < fku(s*) holds.

Therefore, the claim f™(st) < f* (st) is proved.

(a) If j+ 1 = h, the above proves f™(s) < fki«1(st).

(b) If j+1 < h, we claim that f*(st) < fk+(st). Indeed, since
t < k1 <k, in this case, by Lemma 6, f*(st) = fkn(s!)+
o(2,t) and fkii(st) = fh+(s') + a(2,t). By Property 2 of
K, fkn(s') < fY+1(s!). Therefore, f* (st) < f%+1(s*) and the claim
is proved. Since f™(s*) < f* (st), we obtain f™(st) < fh1(st).

In any case above, we have shown that
< max{f¥(s), f%1(s")} holds. The lemma thus follows. O

Suppose we have a solution index list K. After we compute the
values ka’ (x,s}) forj=1,...,d in O(n) time, by Lemma 9 we can
compute the values T (x',s}) for all k+1 <t <i—1 in O(n) time
(with the help of Lemma 6).

It remains to compute the solution index list K, for which we
present a simple linear time algorithm as follows. We assume

fmst)

———o —0 ——— 0 —0—0——P
kn ™M kpy k; t ki

Fig. 5. ky <m < kyy <kj <t <Kkjq.

the values ff(x',s}) for t=1,...,i—1 have been computed in
O(n) time.

Our algorithm will consider the indices incrementally from
t=k+1tot=i-1.Astack A is maintained during the algorithm
to store a sequence of indices. Initially A contains only one index
k, and after the algorithm finishes the index list in A from bottom
to top is exactly K. Algorithm 1 summarizes the pseudocode. For
each t with k+1 <t <i-1, the algorithm proceeds as follows.
Let k; be the index on the top of the current stack A. We first compare

the two values ff(x',s]) and I (x',s}). Note that both values have
been computed. If ff (x', s} ) >kaf (x',s}), then we pop k; out of A and
consider the next top index on A (this is consistent with Property
3 of K and we ignore the detailed discussion on this). We claim that
the stack A will never be empty because the index k is at the bottom
of A. Indeed, recall that T, (x',s}) = ff(x',s}) by the definition of k.
Hence, f¥(x',s}) > fl"(x',s}) forany 1 < m <i—1,and in particular,
fi(x',sh) < ff(x',s}). Therefore, k will never be popped out of A. If
fi(x,s!) <f5(x,s!), we further compare the two values ff(X,s!)
and f5 (x’,sff). By Lemma 6, ff(x',st)=ff(x,s})+o(2,t) and
£ (x’,s’;f> =) (¥',s}) + o(2, k). Hence, both ff (x',s}) and i <x’,s’£")
can be computed in constant time. If ff(x',s}) > £ (x’,s’[f ) then
we push t on the top of A and set k;,; = t (this is consistent with
Property 2 of K); otherwise, we ignore t (this is consistent with Prop-
erty 3 of K) and proceed on t + 1. After t =i — 1 is considered, we
terminate the algorithm and the index list in the stack A is our solu-

tion index list K. The running time of the algorithm is O(n) because
once an index is popped out of A it will never be considered again.

Algorithm 1. Computing the solution index list K = {kq,...,ky}

Input: The index k, the value ¥/, the scenario s}, the weight
intervals [w;, w;']
Output: The solution index list K = {kq,...,kq}

1 do preprocessing for answering «(-,-) queries;

2fort—1toi—1do

3 determine the function ff(x,s}) and compute the value
fEX'si)s

4 end

5 initialize a stack A and push k into A;

6fort—k+1toi—1do

7 m « the top index in A;

8 while f/(x',s!) > f"(x',s]) do

9 pop m out of A;

10 m « the top index in A;

11 end

12 fi(x',s) — fE(x,s}) +a(2,0);

13 fr(x,sP) — (X', s]) + o(2,m);

14 if f{(x',s}) > f"(x',s]") then

15 push t on the top of A;

16 end

17 end

18 return the index list in A from bottom to top as K;

We conclude this section with the following theorem.
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\

kj t k?j+1 kn, m kh+1

Fig. 6. ki <t <kj.q <kn<m <Kkp.

Theorem 2. The optimal position x* for the minmax regret problem
and the optimal maximum regret Rmq(X*) can be computed in
O(nlogn) time and O(n) space.

5. Concluding remarks

In this paper, we presented an O(nlogn) time and O(n) space
algorithm for the minmax regret 1-facility location problem on
uncertain path networks. Very recently some other problem varia-
tions have been introduced and algorithms for them have been
proposed. Li, Xu, and Ni (2014) studied the problem for finding
two facilities and gave an O(n®logn) time algorithm. Ni, Xu, and
Dong (2014) developed an O(n'*log'"'*¢*n) time algorithm for
finding k facilities for a general value of k, and Arumugam,
Augustine, Golin, and Srikanthan (2014) gave two algorithms for
the same problem with time complexities O(I<n210g"n) and
0(kn® logn), respectively. Higashikawa, Golin, and Katoh (2014)
investigated the problem for finding a 1-facility on a tree network
and proposed an O(nlog”n) time algorithm. It would be interesting
to see whether the techniques presented in this paper can be used
for solving these problem variations.
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